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Monte-Carlo Approximation

Uniform Convergence

For K ⊂ Rn×d compact, P
(

∥Ep − E∥∞,K −−−−→
p→+∞

0
)

= 1.
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Ep Cell Decomposition

stable

stable

unstable

Cell Optima

∇Ep(X) = 0 ⇐⇒ X is min of a stable cell ⇐⇒ X is a local min.

As p −→ +∞, Ep ≈ E , more local optima but better optimisation.
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E Differentiable Critical Points

Critical Points of E
∀X ∈ DE ,

∇E(X) = 0 ⇐⇒ F (X) = X

Critical Point Approximation

For Xp critical points of Ep, Xp − F (Xp) P−−−−−→
p−→+∞

0.
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Convergence of Interpolated Trajectories

SGD on Eθ∼U(Sd)

[
W2

2(θ#γX , θ#γY )︸ ︷︷ ︸
wθ(X)

]
:

X(k+1) = X(k) − α∇wθ(k+1)(X(k))

Convergence of Interpolations

d(Xα, S) P−−−→
α→0

0.

With S =
{

X
∣∣∣∣∣ dX

dt
(t) ∈ −∂CE(X (t))

}
.
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Convergence of Noised Trajectories

Noised SGD: X(k+1) = X(k) − α∇wθ(k+1)(X(k)) + αε(k+1).

Convergence of Noised SGD

lim
k−→+∞

d(X(k)
α , Z) P−−−−→

α−→0
0.

With Z =
{

X ∈ Rn×d | 0 ∈ −∂CE(X)} .
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