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Abstract

Since the introduction of the Sliced Wasserstein distance in the literature, its simplicity and
efficiency have made it one of the most interesting surrogate for the Wasserstein distance in image
processing and machine learning. However, its inability to produce transport plans limits its
practical use to applications where only a distance is necessary. Several heuristics have been
proposed in the recent years to address this limitation when the probability measures are discrete.
In this paper, we propose to study these different propositions by redefining and analysing them
rigorously for generic probability measures. Leveraging the v-based Wasserstein distance and
generalised geodesics, we introduce and study the Pivot Sliced Discrepancy, inspired by a recent
work by Mahey et al.. We demonstrate its semi-metric properties and its relation to a constrained
Kantorovich formulation. In the same way, we generalise and study the recent Expected Sliced
plans introduced by Liu et al. for completely generic measures. Our theoretical contributions are
supported by numerical experiments on synthetic and real datasets, including colour transfer and
shape registration, evaluating the practical relevance of these different solutions.
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1 Introduction

Known for its ability to capture geometric structure in probability distributions, optimal transport
has attracted considerable attention in both theoretical and applied fields. Several studies have de-

veloped its mathematical foundations in great detail | ; |, and its practical impact has
been demonstrated on a broad spectrum of applications. Originally developed for applications in
logistics, economics [ ] and fluid mechanics, computational optimal transport has also emerged

in the last fifteen years as a central tool in data science. It is used nowadays for a large variety
of applications, ranging from image processing, computer vision and computer graphics | ;

: : : ], to domain adaptation | : : ], natural lan-
guage processing | |, generative modelling [ ; : : ; |, quan-
tum chemistry | | or biology | ; ], to cite just a few.

In these applications, optimal transport is used to define meaningful discrepancies between probability
distributions, taking into account the underlying geometry of the data, but also as a way to define
optimal plans or maps between such data, in order to transform a given distribution into another
in an optimal way. In the continuous setting, we recall that the 2-Wasserstein distance Wy between
two probability measures p and v on R is defined as:

Wi(uv) = inf / Iz — yl3dn(z,y),
mell(p,v) JRdxRd

where TI(u, v) is the set of couplings with marginals p and v. In the discrete case, with empirical
measures supported on finite point clouds, this problem becomes a linear program over a polytope.
Computing Wasserstein distances between discrete datasets comes with significant computational
expense. Classical linear programming solvers used to evaluate the transport cost between two
discrete measures of size n typically have a complexity of O(nlogn) | ]. This limitation has
motivated the development of computationally lighter surrogates or approximations that preserve
key characteristics of optimal transport metrics.

One of these popular and efficient surrogate is the Sliced Wasserstein distance (SW) | ;

|. This approach leverages the fact that in one dimension, the Wasserstein distance has
a closed-form solution. The Sliced Wasserstein distance is derived by averaging 1D Wasserstein
distances over all directions on the unit sphere, offering a simple alternative to Wa:

SW3(y1, / W3(Byttp, Pyt do

where Py denotes the projection onto direction 6. Since evaluating the full integral is intractable in
practice, it is approximated by Monte Carlo sampling. One draws L random directions, computes
the 1D Wasserstein distance for each, and averages the results. The 1D Wasserstein distance between
empirical distributions of n points can be obtained in O(nlogn), so the approximate SWq distance
can be computed in O(Lnlogn). This efficiency makes it especially appealing for large values of n.

The SW distance remains a true distance on the space of probability measures and retains several
fundamental features of Wasserstein distances. For probability measures with compact support, it

has been shown to be equivalent to the Wasserstein distance | |. It also has desirable statistical
properties, such as sample complexity bounds and robustness [ ]. Its efficiency has been con-
firmed in numerous use cases, including domain adaptation | ], texture generation, colour and
style transfer | ; : ], statistical inference | |, generative modelling [ :

; |, auto-encoder regularisation | ], topological data analysis | ] or shape
analysis | ; |. Extensions to Riemannian settings have also been investigated | ].

Nevertheless, a key limitation of SW is that it does not provide a transport plan or a map between
distributions, which limits its use in applications that require correspondences between datasets.

To circumvent this issue, several heuristics have been proposed to extract approximate transport plans
from SW. A notable example is the use of stochastic gradient descent (SGD) to minimise the objective
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X — SW(dx,dy), as a way to gradually move points from a source point cloud X to a target
point cloud! Y. This strategy has been first explored for colour transfer and image matching tasks
in | ; ], and can provide plausible pointwise correspondences in practice, although
theoretical guarantees remain partial | : : ].

More recently, two alternative strategies have been introduced to build transport plans grounded
in Sliced Wasserstein distances. The first one, called Sliced Wasserstein Generalised Geodesics

(SWGG) [ ; ], defines a map between two discrete distributions 6y = 137, 6,, and
oy = %ZZ 0y, as Tp o 00_1, where oy is a permutation which sorts (OTzi)?zl and 7p a permutation
sorting (67 y;)"_;. The Sliced Wasserstein Generalised Geodesic distance (] |, Equation 8) is
then defined as: (see also Fig. 24)
1 n
SWGGS (1, o, 0) = HZ 1%y (i) = Yroi) 13- (1)
i=1
The second one, called Expected Sliced Transport Plans, was introduced in | | (inspired
by | ]), also for discrete measures. It aims to construct couplings by averaging the 1D optimal

transport plans obtained from projections. Given a probability measure on the hypersphere, with
the same notations as above, the Expected Sliced Transport distance is defined as:

1 n
Eg.. Ez %) — Y (i) 13 (2)
=1

and the average transport plan as Eg. [190 0, 1]. This yields a plan between the two d-dimensional
measures that reflects the averaged behaviour along slices.

These approaches provide practical and interpretable ways to define approximate transport maps.
However, they are currently defined only for discrete measures and lack a rigorous theoretical ground-
ing in more general measure spaces. Moreover, even in the discrete setting, it can easily be shown
that the RHS quantity in Eq. (1) depends on the choice of the permutations, rendering the quantity
ill-defined, as showcased in Appendix A.1.

The goal of this paper is to rigorously define and analyse these different Sliced Optimal Transport
Plans for completely generic probability measures. We introduce the Pivot Sliced Discrepancy PSy, a

discrepancy measure based on the v-based generalised geodesics | ], and generalising the Sliced
Wasserstein Generalised Geodesic distance | ]. In doing so, we also provide new theoretical
insights on the v-based Wasserstein distance | ]. We prove that PSy is well-defined, symmetric

and separates points. We then establish an equivalence between PSy and a constrained version of
the Wasserstein distance, showing that PSy coincides with the minimal transport cost among plans
that preserve the projected coupling. For empirical measures, we provide Monge and Kantorovich
formulations of PSy, proving a constrained version of the Birkhoff-von Neumann theorem | ]
Additionally, we study the Min-Pivot Sliced Discrepancy, a variant that matches the true Wasserstein
distance for discrete measures when the space dimension is large enough with respect to the number
of points. We then study the Expected Sliced Wasserstein Plan | |, which averages 1D sliced
transport plans to obtain high-dimensional (non sparse) couplings. This theoretical study is followed
by numerical experiments, illustrating the behaviour of the proposed transport plans on synthetic
datasets and shape registration tasks.

The paper is organised as follows. In Section 2, we recall the necessary background on v-based
Wasserstein geodesics, along with some new theoretical results that will serve as building blocks for
the rest of the work. Section 3 presents and analyses the Pivot Sliced Discrepancy. In Section 4, we
establish a precise connection between PSy and a constrained Wasserstein discrepancy, showing that
both quantities coincide. This correspondence is further developed in Section 5, where we explore
Monge and Kantorovich formulations of PSy for discrete measures. We then study in Section 6 the

'For a point cloud X = (z;)~1, we write §x = % va:l 8
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Min-Pivot Sliced Discrepancy, and show that it recovers the exact Wasserstein distance in certain
discrete settings. Section 7 introduces and analyses the concept of Expected Sliced Wasserstein Plans.
Finally, Section 8 is dedicated to numerical experiments.

2 Reminders and New Results on the r-based Wasserstein Distance

In this section, we lay some pre-requisites for the objects at play in the paper. We begin by recalling
the concept of generalised geodesics in Section 2.1, which allows us to introduce the v-based Wasser-
stein distance in Section 2.2. This (semi-)metric was first defined in | ; ], and we will
sometimes also refer to it as “Pivot Wasserstein”, and prove new technical properties that will be
useful later. Later in this work, we will consider the Pivot Wasserstein distance using a “Wasserstein
Mean” pivot, and to this end we propose some reminders on Wasserstein means in Section 2.3. Fi-
nally, in Section 2.4, we revisit a disintegration formulation of the v-based Wasserstein distance (first
proved in | ]), which will sometimes be convenient for computations.

2.1 Wasserstein Geodesics and Generalised Geodesics

Given two measures py, pta € Po(R?), we denote by IT*(u1, p2) the set of Optimal Transport plans
between 1 and pso for the cost ||z — y||3. Using such plans, we can define a notion of shortest path
(i.e. geodesic) between u1 and po in the space (Pa2(RY), Wa).

Definition 1. A constant-speed geodesic between pu1, 2 € Pa(R?) is a curve [0,1] — Pa(RY)
constructed using an optimal transport plan v € IT*(u1, p2) as follows:

py () = (L= )P+ tPa) #, 3)

where P : (z,y) — z and P : (x,y) — y are the marginal projection operators. Not only is M}Y_*Q

a geodesic for the Wo metric, but all (constant-speed) geodesics between 1 and uo are of the form
u}y_ﬂ for a suitable v € II*(p1, p2) (this is | ], Theorem 7.2.2).

If the chosen optimal transport plan v is induced by a transport map 7 (which is to say that
~v = (I,T)#p1), then the geodesic takes the intuitive “displacement” formulation:

W) = (L= 1 +¢T) #p, (4)
with I denoting the identity map of R

A remarkable property of the 2-Wasserstein space is that it is a Positively Curved (according to

Alexandrov’s metric definition of curvature) space, as proved in | ] Theorem 7.3.2, Equation
7.3.12: for py, po,v € Pa(RY), v € II*(u1, o) and t € [0, 1], we have
W(ul=2(8),v) = (1= W31, v) + EW3(z,v) — (1 — DPW3 (a1, i2)- (5)

For t := %, this can be re-written as

W31, p2) > 2W3 (1, v) + 2W3 (2, v) — AW3(L72(0), ). (6)

Unfortunately, the squared distance W# is not A-convex along these Wasserstein geodesics (| ],
Example 9.1.5), which motivated | | to introduce other curves, coined “generalised geodesics”,
that satisfy this desirable property. First, we consider two optimal plans v; € II*(v, u1) and 72 €
IT* (v, u2). To introduce the notion of generalised geodesics, we will require a 3-plan p € (v, pu1, u2) €
Po(R34) (i.e. with marginals pg = p, p1 = p1, p2 = p2), such that its bi-marginals coincide with the
plans v, and y2: we require po 1 := Py 1#p = 71 and po 2 1= Pya#p = 72, where Py ; := (y, 1, x2) —>
(y, ;). We introduce the following notation for such 3-plans:

T (v, s ) = {p € Pa(R) : po.y € I (v, 1) and pop € T (v, 1) } (7)
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Definition 2. A generalised geodesic based on v between 1 and ps9 is then defined as ([ I
Definition 9.2.2), given a p € I'(v, 1, p2):

pp 2 (t) = (1 = t) Py + tP2) #p. (8)

Note that this curve depends on the choice of the 3-plan p, which itself depends on the optimal
plans 71 and 73. The existence of such a p can be shown using the gluing lemma (as presented in
[ ], Lemma 5.5, for example). As desired, the curvature induced by these curves makes W3

convex along these geodesics (in a certain sense, see | | Definition 9.2.4), namely we have the
following inequality (] ], Equation 9.2.7c), which is reversed compared to Eq. (5):
W3 (12 (8),v) < (1= t)W3 (1, v) + tW3(pa, v) — (1 — t)tW3 (1, pa).- (9)

Like before, setting ¢ := % yields the following inequality:

W3(u1, p2) < 2W3 (1, v) + 2W5 (o, v) — AW (1, 72(8), v). (10)

If the optimal transport plans v and -9 are induced respectively by transport maps 77 and 75, then
the choice of p is unique, with p = (I, 71, T2)#v (] ], Remark 9.2.3, see also Lemma 5.3.2 for a
formal proof). This yields the following expression of the generalised geodesic, which is substantially
more intuitive:

PE2(E) = (1= T4+ tT2)Hv. (11)

2.2 The v-based Wasserstein Distance

A closely related concept is the v-based Wasserstein (semi)-distance, introduced by Nenna and Pass
in [ |. This time we use a pivot measure v to introduce a variant of the Wasserstein distance,
yielding the following definition by [ ] (Definition 3)2:

Definition 3. For v € Py(R?), the v-based Wasserstein (semi)-metric between ji1, pa € Po(RY)
is defined as:

) = e / (50 — 50 B 5 ) (12)
pGF(V,/,Ll,NQ) R3d

We illustrate the v-based Wasserstein distance on a simple example in Fig. 1.

The question of whether the infimum defining W, is attained was not addressed by | ], we show
that it is indeed the case in Proposition 1, using a technical property of the 3-plan set I'" defined
in Eq. (7). We remind that by Prokhorov’s theorem, a subset of Py(R?) is tight set if and only if
it is pre-compact, which means that any sequence of measures in the set has a weakly converging
subsequence.

Lemma 1. 1. For tight sets P,Q1, Q2 C P2(R?), the set

L'(P,Q1,Q2) :={p € (v, 1, u2) : (v, p1,p2) € P X Q1 x Q2}

is tight in Py(R39).
2. Consider sequences (™), 'ugn)’ Mg") € Po(RN respectively converging to v, py, 12 € P2(R?)
for the weak convergence of measures, and a sequence (p,) € P2(R3?)N such that Vn €

N, p, € F(y(”),,ug”)’ Mén)) with py, _1>U—+> p € P2(R3?). Then p € T'(v, p1, p2).
n o
3. For v, 1, pa € Po(RY), the set T'(v, 1, p2) is compact in Po(R3?).

2Their definition seems to have a typo, with IT*(u;,v) instead of II*(v, ;). Furthermore, they work with measures
supported on a bounded and convex domain of R, but as they remark (footnote 4), and given [ ], Chapter 9,
generalisation to measures on R? with a finite moment of order 2 is perfectly natural.
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Figure 1: Example of the couplings behind W, (p1, po) for discrete measures on R?. The measure v
is drawn with green triangles, 1 with blue circles and py with red squares. The (unique) OT plan
~v1 between v and p; is drawn with dotted blue lines, the (also unique) OT plan 2 between v and pa
with red double dotted lines. The plans induce a unique valid 3-plan p € I'(v, pu1, p2), we represent
the coupling p1 2 between p; and pe with curved purple lines. Notice that the coupling p; o differs
from the (unique) OT coupling between p; and ps.

Proof. For 1. we set ¢ > 0. By tightness of P,Q1,Q2 and Prokhorov’s theorem, there exists a
compact set I C R? such that for any u € PU QU Qo, u(R?\ K) < £/3. It follows that for any

p € T(P,Q1,Q2),
p(R¥\ %) < p (RT\ ) x RY x RY) + p (R x (RT\ K) x RY) + p (R? x RY x (R?\ X))

= v(RI\K) + (R K) + p2(R?\ )
<e,

and thus I'(P, Q1, Q2) is tight.

For 2. we observe that for ¢ € {1,2}, [pnlo; € H*(V(”),ugn)). Civen that v % v and
(n)

1 —~— 113, and that [onlo.i — 5 P0,i» | ] Theorem 5.20 shows that po; € II* (v, p1;) (the
n—-+4oo n—-+4oo

result provides the existence of a subsequence converging to an element of IT*(v, y;), then uniqueness
of the limit shows pg; € II*(v, i;)), and we conclude that p € I'(v, p1, p2) by definition.

For 3., take (p,) € (v, w1, p2). By 1) and tightness of {v}, {u1}, {ua}, there exists an extraction
a such that p, ) % p € Po(R3®), then we show that p € T'(v, 1, u2) using 2) with Vn €
n—-+oo

N, v .=y, ,ul(n) = p; for i € {1,2}. -

Proposition 1. For v, u1, pa € P2(R%), it holds

inf / 50 = o35 Bt o o) = o / [ .
pET (v,p1,12) JR3d pET (v,p1,p2) JR3d

Proof. By Lemma 1 item 3), T'(v, p1, u2) is a compact subset of Po(R3?). Then the map J : p €
P2(R3) — [psa [lz1 — 22]|3dp(y, 21, 22) is lower semi-continuous with respect to the weak conver-
gence of measures (] ] Lemma 1.6), hence the infimum is attained. O

Another consequence of Lemma 1 is that the v-based Wasserstein distance is lower semi-continuous
with respect to the weak convergence of measures, which is a property that was not studied in | ].
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Proof. Without loss of generality, we can assume that W () (117", gty ) ———— Hminf W) (113", s

optimal by Proposition 1.

Proposition 2. The map (v, ji1, p2) € Po(R%)3 — W, (1, p2) is lower semi-continuous with

respect to the weak convergence of measures: for any v % v E Py (Rd), ,ul(n) v
n——+00

n—+00
pi € P2(RY), i € {1,2}, we have:

W (1, 12) < liming W0 (3™, ™). (13)

(n) () (n)

n——+00 n—-+00

(n)

(n) ())

(up to considering an extraction of all sequences). For n € N, we can choose p, € I'(v™, u{™, s

By Lemma 1 item 1) and tightness of the sets {V(”)},{ugn)},{,ugn)},

there exists an extraction a such that py(y) % p € Po(R3?). and by Lemma 1 item 2) we have
n—--—+oo

p € (v, p1, p2). By lower semi-continuity of the map J : p € Po(R3?) — [osa |21 — 22||3dp(y, 21, 22)

(I

W2 (1, p2) < J(p) < liminf J(pan)) = liminf W (a(n))(u(a(n)),uéa(n))) = lim inf W? OL]

| Lemma 1.6), we have:

(n)

n—r-+00 n—- -+00 n—r-+00

),

where the first inequality follows from the definition of W,, since p € I'(v, pu1, pu2) is admissible,
and the second inequality follows from the lower semi-continuity of J. The first equality is due
to the optimality of py (), and the second equality follows from our reduction to the case where

(n) (n) (n)

Wi (1, 1) ——— lim nf Wy, (uy 7, 1)

n—-—4oo n—-:

d

Full continuity with respect to the weak convergence of measures is not guaranteed, as shown in
Example 1.

Example 1 (W, (-, u2) is not continuous). Consider the following empirical measures in R?:
= 2(8, +6,), 2:=(0,1), 2 := (0,-1);

(n) i= 2(0g,, + 0y1), Tp := (=1,27"), 2’ := (1,0);
2 = 3(8y + 6y), y:= (=2, —-1), y == (2,1).

1
2
-1
2

For each n € N, we have II*(v, ,ul ) = {fyl } with 'A " = 1(5(2,%) + d(2 21))- We also have
IT*(v, p2) = {72} with 72 := 5(5(277/) + 0(zry))- This shows that F(l/,,ugn),ug) = {pn} where
Pn = %(5(27%@/) + 5(2,/7:6/4/)), yielding the cost

W2(ut™, 1) = Hllwn — ¥/ + 3l — wlf = 3 (32 + (1 = 27™)?) + 1 (82 +12) —— 10,

n—-—+o0o

However, we have ugn) —+> = %(636 + 0p) with x = (—=1,0). We see that
— 100

IT*(v, 1) = (v, p2), and clearly the choice v; := %(5(%0/) + 62 z)) will be optimal, such

that p := 3(8(s.47y) + 0(zr 2.y)) 18 optimal for W2 (u, pg) = 2 < ninioow,%(ugn),ug) = 10. We

illustrate the setting of this example in Fig. 2.

As remarked earlier (again, | |, Remark 9.2.3), if each II*(v, y;) is reduced to a single plan

i

induced by T; (for i € {1,2}), then the only element p € T'(v, 1, p2) is p = (I,T1,To)#v, yielding
the following formulatlon for the v-based Wasserstein distance (see also | ], Example 9 and the
Linear OT framework [ 1):

W) = [ IT2(0) = o)l 3w ). (14)

)
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Av

.‘ngn) ...ygn)
Wy, HiYo
QU Y1

N [Pnh,z [,0]1,2

Figure 2: Representation of Example 1. The measure v is drawn with green triangles, ,ugn) with blue

circles, uo with red squares, and the limit g with light blue diamonds. The OT plan ,An) between v

and p{™ is drawn with dotted blue lines, the OT plan 4o between v and p with red double dotted

lines, and the induced plan [p,]1 2 between ,ugn) and po with curved purple lines. As for the limit,

an OT plan v; between v and p; is drawn with curved dashed light blue lines, and the induced plan
[pl1,2 between p; and po using v and 72 is drawn with thick green lines.

A result of interest is | |, Lemma 9.2.1 Equation 9.2.7b, which states that for any p € I'(v, p1, p2)
(see Eq. (7))

W35 (1, 2 () = (1 — )W5 (1, v) + tW3 (g, v) — (1 — t)t/Rgd lo1 — ol l53dp(y, x1,22).  (15)

Taking in particular a 3-plan p* € T'(v, u1, u2) that is optimal for the v-based Wasserstein distance
(Eq. (12)), we obtain

W3, 572(1)) = (1 — W3 (a1, v) + EW3 (12, v) — (1 — )EW2 (s, iz). (16)

2.3 Reminders on Wasserstein Means

A natural application of Wasserstein geodesics is the concept of Wasserstein means, which we will
require in Section 3. The following result states that Wasserstein means are exactly the middles of
Wasserstein geodesics. For the sake of completeness, we provide some reminders on geodesic middles
in the Appendix Appendix A.2, wherein we recall and prove an analogous result for geodesic spaces.

Proposition 3. For p1, s € Po (Rd), the set of Wasserstein Means between pq and po

M1, p2) := argmin W3 (u1, i) + W3 (u, pi2) (17)
peEP2(RY)

can be expressed using Wasserstein geodesics Eq. (3):

M(p1, p2) = {M%HQ(%) 1Y€ H*(Ml,ﬂ2)} = {(%Pl + %P2) #Y:7 € H*(Nla/@)}‘ (18)

Proof. The result is an application of Lemma 12 in the geodesic space (Po(R?), W3). O

2.4 Another Formulation of W, with Measure Disintegration

In this work, we will need a convenient formulation of the v-based Wasserstein distance which uses
the notion of disintegration of measures. We recall this notion in Appendix A.3, and provide a
proof in Appendix A.4 of the Theorem by Nenna and Pass (| |, Theorem 12 item 1), adapted
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to measures in Po(R?). In Example 2, we illustrate the result on a simple example with discrete
measures.

Example 2. We consider measures v, 1, o € P2(R?) as in Fig. 3. We consider two optimal
plans v; € IT*(v, u1) and 7 € II*(v, p2), represented in Fig. 3. Writing the disintegrations as
yi(dy, dz;) = v(dy)v! (dz;), we can apply Theorem 1 to compute W2 (u1, pi2):
Wi (p1, p2) = gW3 (771,75") + 3 W3 (0, 73%)
= W8 (3800 + 30 B+ 30 + 393 (R8s + B0 0+ 303).

X3 .yl .Hl

wy
_‘)/1

)&

X2 mYy>

X1 mYs
7\
\‘N
21 23
Figure 3: In this example, there is a unique optimal transport plan v; (purple lines) between
(blue circles) and the pivot v (green stars), and likewise for 9 (orange double lines) between ps (red

squares) and v. The disintegration kernel ~;' in the disintegration v;(dz, dz) = v(dz)v§(dz) is the
probability measure ;' = %5;01 + %6@, and likewise for 772,75, 75>.

Theorem 1 (] ] Theorem 12 item 1). Let v, u11, p12 € P2(R?). The following equality holds:

W2(p1, p2) = W3(1, ) dv(y), (19)

min /
’YiEH*(MMi): iE{l,Z} Rd

where for i € {1,2}, 7/ € P2(R?) is defined using the disintegration ~;(dy, dz) = v(dy)+/ (dz).

Proof. We provide a proof in Appendix A.4, which generalises that in | ] to measures in Py (RY),
following similar ideas. O

3 The Pivot Sliced Discrepancy

3.1 Definition with the v-based Wasserstein Distance

We introduce a generalised version of SWGG introduced in | ] for general measures in Py (R%)
(and fixing the ambiguity issues that will be discussed in Example 8), using the v-based Wasserstein
distance (Eq. (12), and see | ]), where the base measure v is taken as a middle of projected
versions of the measures:

Definition 4. Let 1, o of Po(R?), take g € M(Qo# 11, QoFtuz), where Qg = x — (67 z)0.
Then, we define

PSQ(ML,U’Q) = W,UG (/’Lluu2)' (20)

10
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We remind that we consider to related projection operations: Py : z +—— 02 and Qg : x — (' x)6.
The first one is valued in R, while the second is valued in R c R?. To fix ideas, we illustrate the
definition of PSy in the case of discrete measures without projection ambiguity in Fig. 4.

/.[,ll ‘P@#@
L_Jop) AP@#{JZ
: : P@ ‘i}‘U@
: —71 V2
m, o\ /

.

mYy>

A A RO
Pox; Z1 42 43

Figure 4: Illustration of the definition of PSy in the case of discrete measures without projection
ambiguity. The measure u; is represented by blue circles, and uo by red squares. The projected
measures Qo#u1 and Qy#puo are represented by blue diamonds and red triangles respectively. The
middle pg of the projections is represented by green stars. Once this middle is determined, we
compute optimal transport plans 1,72 between py and pg, po respectively (in this case, they are
unique). We represent 1 by purple lines and 7, by orange double lines. To obtain the coupling
corresponding to the cost PSg(u1, pu2), we look at the targets of each point (z;) of the projected
middle pg: since z; is mapped to x; in @1 and to y; in e, the coupling vy maps x; to x2, and so on.
The coupling -y is represented with thick green lines.

The idea of using a pivot measure is to find an optimal manner of correcting projection ambiguities.
To illustrate this, we consider a simple pathological example in Fig. 5, where the projections of the
points of the support of 1 and ps are not distinct.

‘P@#‘Lll
-yZ AP@#‘LLQ
Q F o
|y ’
A— RO

Figure 5: In this example, we notice that Py#u1 and Py#puo are reduced to Dirac masses, thus their
middle pg is the middle Dirac mass. The optimal couplings v; and o between ug, 1 and pg, po are
then unique. It is then easy to see that the optimal p € I'(ug, 11, p2) is such that py o =: 7y is the
OT coupling between p1 and pe. In this example, PSy(u1, p2) = Wa(p1, p2).

In Fig. 6, we illustrate another simple example where the projections of the points of the support of
w1 are not distinct, but where they are distinct for pus.

11
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(Ou1 | ®Po#u)
-1/2 __Jop) APQ#[JZ
: : PQ ﬁ‘uQ
mY1 — V1 V2
O\ %

A RO

Z1 Zp

Figure 6: In this illustration, Py#pu1 is a Dirac mass but not Py#puo. Since we compare the middle
e with pqp and not Py#u1, there is in this case a unique optimal plan v; between pug and py. The
optimal plan 72 between pg and g2 is also unique. The constraint pg1 = 1, po,2 = Y2 imposes that
P12 = 30z, 0ys + 50zsmy, for any p € I'(ug, 1, i2), hence there is no choice in the optimisation over

p.

Remark 1. As remarked by | | in Proposition 16, when v is absolutely continuous with
respect to the one-dimensional Hausdorff on a line, then the v-based Wasserstein distance
equates the layer-wise Wasserstein metric introduced by | ]. We will see in Section 4 that
PSy equals another discrepancy that we call CWy, and this equality allows us to show that PSy
satisfies the triangle inequality (and thus is a distance) on the set of measures with atomless
projections, which is a stronger result than assuming absolute continuity of the pivot.

Note that this is a generalisation of SWGG introduced | ] in the sense that they show that
their definition of SWGG coincides with the expression of Eq. (20) in Proposition 4.2. To prove
that the quantity PSj is well-defined, which is to say that it does not depend on the choice of
o € M(Qo#p1, Qo#iiz), we will show that in fact M(Qe#u1, Qo#p2) has only one element.

Lemma 2. Let p1, s € Po(R?), and 6 € S¥~!. Then
M(Qo#p1, QoFuz) = {polp1, n2]},  polur, po] = K%FIEH + %FIEQI]) 9} #Z0,1)5 (21)

where for i = 1,2, the measure v; is defined as v; = Py#u;, with Py :  — 67z, Lo, the

Lebesgue measure on [0,1], and where F,L_l] for v € P(R) denotes the pseudo-inverse of its
cumulative distribution:

vt e[0,1], FIU(t) :=inf{s e R: v ((—o0,s]) > t}. (22)

Proof. First, since the Qg#u;,1 € {1,2} are supported on RO, we have
M(Qo#u1, Qo) = {041 - pp € M(Po#tp, Pottz)}, (23)

which amounts to reducing a problem on a line of direction 6 to a problem on R, then embedding
the result onto the line Rf. We introduce v; := Py#p; for i € {1,2} and leverage Proposition 3:

M(Vl, 1/2) = {(%Pl + %PQ) H#y:v € H*(lll, 1/2)} . (24)

Since the v; are measures on R, by | ] Theorem 2.9, the set of optimal plans IT*(v1, v2) is reduced
to the plan (Fy[j”, F,,[_H)#‘Z[OJ]. Using Eq. (24) above and the projection embedding from Eq. (23),
we obtain the result stated in Eq. (21). O

12
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Remark 2. Consider py; = %Zl Op;y M2 = %ZZ 0y;, 0 € S 1 and 0y, 79 two permutations
sorting respectively (07x;); and (67y;); (they may not be unique if the families (6" x;); and
(6T y;); are not injective). Then the projected middle (computed using Eq. (21)) is explicit:

1 n Loy (i +y7' 7
olh1, p2] Z ( ( 6()2 0())9)- (25)

n =1
Note that measure above does not depend on the choice of the sorting permutations (o, 79),
since the families (HT:BJQ(i))i and (HTyTe(i))i do not. This expression is specific to the case where
p1 and po are uniform discrete measures with the same amount of atoms.

An interesting property of optimal transport between a measure pu € Po(RY) and another measure
v supported on a line RA is that the set of optimal plans and the cost can be related to the one-
dimensional projections of 4 and v onto the line Rf. We remind Qg : x — (6" z)#, and introduce
Qpr = I — Qp. The following result is a generalisation of | ], Lemma 4.6, which was written
in the case of uniform discrete measures. Note that the exponent 2 in the cost is paramount and
allows the separation of orthogonal terms.

Proposition 4. Let u,v € Pg(Rd) such that v is supported on Rf, where § € S41. Then for
any plan v € TI(v, 1), we have

Lole=slBta) = [ @ @-piwo+ [ 1Qualidue), @)

with the alternate expression

/ (67 (@ — )2y (y, z) = / (s — £)24(Py, By)#(s, ). (27)
RQd RQ

This yields the following expression for the OT cost:

W0, 1) = WPt Pt + [ Qo alBu(e), (28)

and the following characterisation of the optimal plans:

(v, 1) = {v € (v, ) : (P, Po)#ty = (Fhy i Frypih) #5011} - (29)

Proof. Let v € TI(v, ). We have
[l vlr ) = [ (r\Q9<w—y>r\%+HQm—yw%) a1(y. )
de RZd
= [Pt + [ 1Quusliaua), (30)
RQd

where the last equality comes from the fact that v is supported on R and that the second marginal
of v is p. Since the second term does not depend on 7, by taking the infimum in Eq. (26), we obtain
Eq. (28), where the equality

inf / (07 (x — ))2dy(y, ) = WE(Pybv, Podty)
yEll(v,p) JR2d

is justified by | ], Lemma 2. Furthermore, Eq. (26) shows that (Py, Pp)#I1* (v, pu) C II*(Pyp#v, Py#p).
Indeed, take v € IT*(v, ), then since mg := (Py, Pp)#v € II(Py#v, Pp#u), Eq. (26) yields the opti-
mality of 7y for the problem W3(Py#v, Py#u). By | | Theorem 2.9,

I (Po#tv, Pottr) = { (Fhy s Fhy i) #%0m } = {75},

13
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hence we have shown that (P, Pp)#II*(v,n) = {mj}. Conversely, take v € II(v,u) such that
(P, Pp)#~ = mj, where 7 is the unique element of IT*(Py#v, Py#p). Then by plugging v into
Eq. (26), we obtain v € IT*(v, u) using Eq. (28). We conclude that

(v, p) = {y € (v, 1) : (Po, Py)#y =75} O

3.2 Semi-Metric Properties of PSy
We begin by stating straightforward properties of the discrepancy PSg:
Proposition 5. Let ju1, po € P2(RY), and § € S¥!. Then the following properties hold:

o (Separation) PSy(u1,p2) = 0 if and only if pg = po.

o (Symmetry) PSg(u1, p2) = PSo(p2, 1)
o (Upper-bound of Wa) PSy(u1, p2) > Wa(p1, p2).

Proof. 1f PSg(u1,12) = 0, then by Proposition 1, there exists p € I'(ug[p1, po], 1, 2) such that
Jgsa llz1 — z2|3dp(y, 21, 22) = 0, then in particular, for v := p12 € I(u1, u2), we have Jgea llz1 —
x2||3d7y(21, 29) = 0 and thus a7 = x5 for y-almost-every (x1,z2) € R??. For a test function ¢ € Cg,
we compute:

Rd

/ ¢(z1)dp (1) _/ P(z1)dy (w1, 22) _/ P(x2)dy(w1,22) = | P(x2)dv(z2),
Rd Rd Rd

and thus p1 = po. The converse is clear, but we detail for completeness. We show that PSg(u, ) =0
for € Po(R?): notice that ug[u, ] = Qo#p =: g, take any v € II*(ug, p) and introduce by
disintegration p(dy,dzq,dxs) = pg(dy)yY(dx1)dy, =, (dx1,dze). We have p € I'(ug, p, 1), and for
p-almost-every (y,z1,r2) € R34 we have ||z1 — 22||3 = 0, hence PSy(u, i) = 0.

Symmetry is immediate from the definition (Eq. (20)). As for the upper-bound, by Proposition 1 we
can take p € (g1, pa], pu1, p12) optimal for PSg(pu1, p12), and we have py o € II(p1, p12) and thus:

PSG (11, p2) = /Rw |21 — a|[5dpr 2(dar, dwz) > W3 (pa, pia). -

The triangle inequality is not satisfied in general, as shown in Example 3.

Example 3 (PSy does not verify the triangle inequality). We represent the counter-example in
Fig. 7. Consider 6 := (1,0) and:

7= (<1,0), @2 1= (1,5), 1 = 3, + 30us,

Y1 = (_175)7 Y2 ‘= (170)7 H2 = %5?41 + %5y2’
z1 :=(0,0), 22 :=(0,5), us:= %(Ll + %5@-

First, we compute PSy(u1, p2): we have
uy = (_170)7 Uz = (170)7 M@[Mlu“Q] = %6U1 + %511,27

and then we see that there are unique optimal plans between pg[p1, 2] and each py, po:

H*<,U/9[/J,1,,U/2]“U/1) = {7121 = %6u1®1‘1 + %5ug®332} ) H*(N/Q[Mluuﬂaﬂa) = {7122 = %6u1®y1 + %5u2®y2} .

Using Theorem 1, we compute:

PSy(u1, 2) = \/ller — wllf + 2llz2 — gell} = 5.

14
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We now turn to PSy(u1, 13). This time, we have

v1 :=(—3,0), v2 :=(3,0), polp1, ps] = 560, + 56u,-

There is a unique optimal transport plan between pig[u1, u3] and p:
I (ol sl 1) = {31 1= B + 46
Hok1, H3]5 K1 Y131 - 2Yv1®x1 2% 2®x2 ( *

On the other hand, there are an infinite number of OT between puglu1, s3] and ps, which
are convex combinations of two extremal plans (which correspond to the two permutations of

{1,2}):
H*(HG[NLHSLHIS) = {7133(75) = (1 - t) (%51)1@21 + %5U2®Z2) +t (%5112(821 + %5111@22) , t € [07 1]} :
Following Theorem 1, we have

PSy(u1, pig) = min 3W3 (010 55202, + £02,) + §W3 (80, 15802, + 505, )

which is clearly minimal at ¢ = 0, yielding

PSo(u1, 3) = \/ller — 213 + Hllwz — =23 = 1,

and by symmetry, PSg(us2, u3) = PSg(u1,u3) = 1. We conclude that the triangle inequality
does not hold:

PSo (1, p2) =5 > PSy(p2, 13) + PSe(pr, p3) = 2.

1 X Z X
—— & o (o N K 3

v
f;lg — Y131
7/12 7/133(0)
Yo )/133(1)
N \ ~7Vo )
A_ il RO —O %A
Ui = Xxq Uy = yz X1 01 Z1 0Oy

Figure 7: Counter-example from Example 3 to the triangle inequality for PSy. Left: illustration
of the couplings for PSg(u1, pe2), with the optimal coupling vy between p; and po for PSe(pr, p2)
represented with thick green lines. Right: illustration of the couplings for PSg(u1, p3). The optimal
coupling ~yy for PSg(u1, 13) corresponds to gluing 131 and 7133(0).

In the following, we show that PSy is lower semi-continuous with respect to the weak convergence
of measures, along with a result on continuity of the middle ug[u1, p2]. We speak of continuity with
respect to the Euclidean topology on S9~! and the weak topology on P(R?).

Proposition 6. The map (0,1, u2) +—— pplp1, p2] is continuous, and (0, p1, u2) +——
PSp(p1, p2) is lower semi-continuous.

Proof. Take measure sequences ugn) —~— 1 € Po(R?%) and uén) — 1o € P2(R?) and a sequence
n—> 400 n—-
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of projections 6, —+> 6 € S“1. By Lemma 12, we have
o0

oy, [Hgn)aﬂén)] = [( Fi + FI[D ]# )977} #-3[0,1] = fn#-f[o,l],

and:

polpa, po] = [(%F};ﬁm 1F1[39#“2> 9} #L0,1) = [#ZJoq)-

Let i € {1,2} and g,, := F][D_I]# (n)» We show that (g,,) converges pointwise %y jj-almost-everywhere to
[ H;

n

FI[D U Since Py #,wn) — s Py#ui, we have by [ | Lemma 21.2 that for all p € [0, 1]

oFF 1L n ¢ n—s+00

such that g is continuous at p, g, (p) 4+> g(p). Since g is non-decreasing, it is continuous Lo
n—>+4o00 ’

almost-everywhere, and thus the convergence happens £, j-almost-everywhere. Having shown that
Jn converges pointwise to f £ jj-almost-everywhere, we deduce that

o (18", 1Y) —2—s pgla, o)

_>+

By Proposition 2, we deduce that (6, p1, p2) — PSg(p1, p2) is lower semi-continuous. O

We show in Example 4 that full continuity does not holds.

Example 4 (PSy is not continuous with respect to the weak convergence). Consider
Tn = (—=1-27"5), ' := (=1,0), pp = %(5% + %51/,

y:=(1,0), ¥ :=(2,5), v:= %(5y + %6y/.

Obviously, py, 4> 1, with p = %5( 1,5 + (5 . For n € N, we compute easily that:
n—-

PS}(un, ) = Sllan — v/ I3+ Blla’ — yll3 = 36+ 3.27" + 455 — 36.

n—>-+o0o

The limit does not coincide with PSj(p, v) = 1. We summarise this counter-example in Fig. 8.

Xn X 0o Y
AN

RO

X Y
Figure 8: Representation of Example 4, showing a counter-example to the continuity of PSg(-, v)
with respect to the weak convergence of measures. At each n € N, the coupling ~, associated to
PS2(in, v) between p,, and v (represented by purple lines) is imposed to assign z, to ¥/ and 2’ to
y. However, the coupling v, associated to PS3(u,v) represented by orange double lines has more
freedom due to the fact that Pyzs = Pyz’, and therefore can perform the less costly assignment of
Too to y and 7’ to ¥/,
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4 Correspondence of Pivot-Sliced and a Constrained Wasserstein
Discrepancy

In this section, we will compare the quantity PSg(u1, o) defined in Eq. (20) with a particular lifting
of the 1D sliced plan between p; and pe. Namely, we will compare the two quantities:

PSj )= i [ gl o)
PEL (o p1,p2],u1,p2) JR3d
? o . 5 (31)
= CWy(p1, p2) := min 21 — @2ll3dw(zy, x2),
well(p1,p2) R2d

(Py,Po)#w=mg|p1,u2]

where mg[u1, 2] is the unique optimal plan between Py#pu; and Py#pua. We introduce the following
notation for the set of admissible plans w for CWy(pu1, p2):

Qo(pr, p2) == {w € W(p, p2) = (Po, Pp)#w = mo[pa, pa] } - (32)

Note that by compactness of II(u1, u2), continuity of w — (Py, Pp)#w and lower semi-continuity of
Ji=wr— [goa ||+ — - [|3dw, the infimum in CWj is attained.

To draw a correspondence between PSy and CWy, we will compare their optimisation sets, and to
this end, we introduce the set I'y 1 o C II(p1, p2) defined as:

Lo12(pa, p2) = {p1,2 1 p € T(polp, pol, i1, pi2) } - (33)
We have by definition:
CWi(p1,pe) = min  J(w); PSj(p1,pe) =  min J(9). (34)
weQy (p1,p2) v€lg,1,2(11,12)

4.1 First Inequality: PSy; < CW,

To prove a first inequality between PSp and CWy, we will show that Qg(p1, p2) C I'g 1 2(p1, p2) (these
sets are defined in Eq. (32) and Eq. (33)). We start with two Lemmas on Wasserstein means. The
first result provides an explicit optimal coupling between a Wasserstein mean and the two measures.

Lemma 3. Let p1, 2 € Po(R?) and an optimal coupling v € IT* (1, pu2).
Then py = ((1-t)PL+tPy)#y = Lawx, x,)~y {Xlgxﬂ belongs to M (1, p2), and furthermore

the coupling 1 := Law(x, x,)~y K%,Xlﬂ belongs to IT* (1, pt1)-

Proof. By Proposition 3 we have py € M (1, p2), and W%(,u%,,ul) = %W%(,ul, p2). We compute:

H)n;Xz_Xle]—l E [I1X1 - Xal3] = W3 (1, na),

(X1.X2)~y X))y
showing optimality of the coupling 7y, since by Proposition 3, W2 (Basp1) = %W%(m, 12). O
Note that Lemma 3 is also a consequence of | | Lemma 7.2.1 (which states a stronger result with

more abstract language). The following second lemma relates an admissible plan w € Qg(p1, o) for
CWoy(p1, p2) to an explicit optimal coupling between the projected middle pg[p1, p2] and the measures
1, b2, which will be useful to construct an admissible 3-plan for PSq(u1, 112).

Lemma 4. Let w € II(u1, po) such that (P, Py)#w = II*(Py#u1, Po##ue). Let (X1, X2) ~w
and YV := WG. Then Law[Y]| = pg[p1, p2], and Law[(Y, X;)] € IT*(uglp1, po), i), @ €
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{1,2}.

Proof. First, we apply Lemma 3 to the optimal coupling (Py X7, PyX2), which shows that Law[PpY ]| =
Py#uglua, po], thus that Law[Y] = pg[u1, p2]. Lemma 3 also shows that (PyY, PyX;) is the op-
timal coupling between Pyp#pug|u1, o] and Py#ui. Then by Eq. (29) in Proposition 4, it fol-
lows that Law[(Y, X1)] € II*(ue[p1, pe], 1), and the same reasoning applies to Law[(Y, X3)] €

H*(ue[m,uz],m)- O

Using Lemma 3 and Lemma 4, we can now show an inequality between PSy and CWy:

Proposition 7. Let p1, 2 € Po(RY), and § € S¥1. The two sets defined in Eq. (32) and
Eq. (33) verify Qg(u1,p2) C T'o12(p1, p2), and the two quantities defined in Eq. (31) verify
PSo(p1, p2) < CWo(p1, p2).

Proof. Let w € II(u1,u2) such that (Py, Py)#w = IT*(Py#u1, Pp#pz) optimal for CWey(uy, p2).
Consider (X1,X2) ~ w and Y := WG. By Lemma 4, we have Law[Y] = pug[p1, po),
and Law[(Y, X;)] € II*(polp, pol, pi), @ € {1,2}. By definition the 3-plan p defined by p :=
Law[(Y, X1, X2)] belongs to I'(pg[pe1, po], pi1, p12), thus w € Ty 1 2(p1, 2). We compute:

PSF (1, ) < / 21 — xa|13dp(y, w1, 2) = / 22 — @a|3dw (w1, 2) = CWE (1, p2). 0
R3d R2d

4.2 Converse Inequality: PSy > CW,

To show the converse inequality CWy(u1, p2) < PSp(p1, p2), we will use more technical arguments
from | ] Lemma 7.2.1, which will show that (denoting ug := pg[u1, n2l,) fori € {1, 2}, the unique
optimal plan 7; between Py# g and Py#p; is induced by a transport map T;, i.e. m; = (I, T;)# Py pg-
This is a consequence of the fact that pg is chosen as the middle of the geodesic between Py# 1 and
Py# 12, and remarkably holds without atomless assumptions on the Py# ;.

Theorem 2. Let y1, 12 € Po(RY) and 6 € S¥ 1. Then the two sets defined in Eq. (32) and
Eq. (33) verify g 12(p1, u2) = Qo(u1, p2), and the two quantities defined in Eq. (31) verify
PSe (1, p2) = CWo(pu1, p2).

Proof. We have already shown that PSg(u1, p2) < CWy(u1, p2) in Proposition 7. We now show that
Lo 12(p1, t2) C Qo(p1, po) (We write g := pg[pe1, p1o], and my the unique element of IT* (Py# 1, Pp#12)).
Let p € T'(ug,p1,p12). We introduce n := (Pp, Py, Py)#p € 1l(vy,v1,12), where for convenience
we write v; = Pp#fp; for i € {1,2} and vy := Pp#pup. By Eq. (29) in Proposition 4, we have
noi € ¥ (vy, v4).

We now write 1 using OT maps. By | ] Lemma 7.2.1, since vy = M(vy,19) (ie. it is the
middle of the constant-speed geodesic between vy and v5, which is unique since the measures are
one-dimensional), for 7 € {1,2} the transport plan no; € II*(v1,v;) is induced by a non-decreasing
transport map 7;, which is to say that no; = (I, T;)#vy. It follows that for n-almost-every (¢, s1, s2) €
R3, we have s; = T1(t) and so = Th(t).

We now verify that n; 2 € II*(v1, v2) using the cyclical monotonicity criterion: Let (s1, s2), (5], s5) €
supp 71,2 such that s; < s]. Our earlier considerations on 7 show that there exists ¢,t' € R verifying
s1 = Ti(t), so = To(t) and sy = Ti(¥'), sh = Ta(t'). Since s1 = Ti(t) < Ti(t') = s} and T} is
non-decreasing, we deduce t < t’. Now since T» is non-decreasing, ¢ < t' implies that so = Th(t) <
Ty (t') = s5. We have shown the following property of 7; o:

V(s1,52), (], 55) € suppni2, s1 < 8] = s9 < sh. (35)
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By | ] Lemma 2.8, Eq. (35) implies that ;2 is the co-monotone plan between vy and vp, and
by [ | Theorem 2.9, we conclude that 7, 2 € II* (11, 12).

Having shown that 7, 2 € II*(v1, 12), we conclude that (Py, Py)#p12 € II*(Py#pu, Po#p2), and by
definition we conclude p12 € Qg(p1, pt2), which shows the inclusion I'g 1 o(p1, p2) C Qo(p1, pt2), and
equality is obtained by combining with Proposition 7. By Eq. (34) we conclude that CWg(u1, p2)

PSo (g1, pi2). O

4.3 Triangle Inequality for PSy for Projection-Atomless Measures

Using Theorem 2 and the following technical lemma on one-dimensional 3-plans, we will show that
PSy is a metric on the set of probability measures whose projections on R are atomless. We show
that in the one-dimensional atomless case, 3-plans with two optimal bi-marginals automatically verify
that all their bi-marginals are optimal. In terms of random variables, Lemma 5 states that if (X1, X9)
and (X1, X3) are optimal couplings, then so is (X3, X3).

Lemma 5. Let u1, ua, 3 € Po(R) such that pq and po are atomless, and let p € TI(uq, o, ps)
be a 3-plan such that p; o € II*(u1, p2) and p1,3 € II* (1, p3). Then pa 3 € IT*(p2, p13).

Proof. Fori € {1,2,3}, introduce the c.d.f. F; of y;. Take (X1, X2, X3) ~ p. By | ] Theorem 2.9,
since p; is atomless and (X7, X3) is optimal, we have almost-surely X3 = F3[_1] o F1(X7). Likewise,
since pg is atomless and (X2, X7) is optimal, we have almost-surely X; = FlUs F5(X32). Combining
these equalities yields almost-surely:

Xs=F o R(X)) = Fl o ;o FEY o By(Xy).

By continuity of Fy (since p; is atomless) and defining Fj(—o0) := 0 and Fj(400) := 1, we have
Fi(R)U{Fi(—00)} U{Fi(4+00)} = [0, 1], allowing us to apply | | Proposition 2.3 item 4), which
yields F1 o Fl[_l] = I[O’H'

We have shown that almost-surely X3 = F?E_l] o F»(X2), which shows by [ ] Theorem 2.9 that
(X9, X3) is the optimal coupling between ug and us. O

We can now show that PSy verifies the triangle inequality on the set of probability measures with
atomless projections. Combining this statement with Proposition 5 shows that PSy is a metric this
subset of Py(RY).

Proposition 8. Let § € S9! and P ,(R?%, ) be the set of probability measures p € P2(R)
such that Py#u is atomless. The quantity PSy is a metric on Pg,a(Rd, 0).

Proof. First, by Proposition 5, it only remains to show the triangle inequality. Let pq, po, us €
P2q(R%,0) and let w2 € (1, u2) be optimal for CWy(u1, pa), and likewise let w3 € Qp(u2, 13)
be optimal for CWy(p2, pu3). We apply the standard gluing technique (see for example [ | Lemma
5.5): the second marginal of wy 2 and the first marginal of wy 3 are both 12, hence we can write their
disintegrations with respect to uo as:

w172(dl’1, dxg) = ,ug(dxg)wff’z(dxl), wz73(dx2, d.fvg) = U2 (dasg)wg,%(da:g).
We now introduce the “composition” 3-plan p € II(u1, po, p3) as:
p(dz1, drs, dzs) i= po(dre)wih(drr)wss(des).

Writing pg := (Py, Py, Pyp)#p, by definition of wy 2 and wy 3, we have [pg|12 = mg[p1, p2] and [pglaz =
mo[p2, p3]. By Lemma 5, we deduce that py 3 = mp[p1, pu3], since each Py#p; is atomless. This shows
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that p13 € Qg(p1, p2). Denoting ¢; = (x1, x2, 23) — x; for ¢ € {1,2, 3}, we have:

CWo (1, 3) < |1 — b3ll2(pr5) = 01 — D3l 2(p)
<|l¢1 = allL2(p) + 162 — 3llL2(p) = 01 — D2l L2001 2) + (P2 — D3l L2(wss)
= CWy(p1, p2) + CWy(p2, p3)-

Using Theorem 2, we deduce the triangle inequality for PSy. O

5 A Monge Formulation of PSy Between Point Clouds

5.1 The Case of Non-Ambiguous Projections

A direct consequence of Theorem 1 is that, in the case of point clouds with non-ambiguous projections,
the computation of PSy can be done simply by sorting the projections and taking the associated plan
between the projected measures.

Corollary 1. Let (z1,---,2,) € (R)™ and (y1,--- ,yn) € (RY)", and 0 € S such that
the families (Pyx;); and (Pyy;); are injective. Then for the measures p; := %2?21 Op;y P2 1=
LS 1 8y,, it holds

PSQ Mla,U’Q Z ||$09 — Y (3) ”2a

where PSy is introduced in Definition 4 and where oy, 7y are the (unique) permutations sorting
(Pyx;) and (Ppy;). For injective families (x;) and (y;), the injectivity assumptions holds for
U(S?1)-almost-every 0 € ST

Proof. We begin under the injectivity assumptions, which allows us to define oy, 79 as the (unique)
permutations sorting (Pyz;) and (Pyy;) respectively, and for i € [1,n], let z; := %Pg(azae(i) + Yry(4))-
We remark that the family (z;) is increasing by construction (we provide further details at the end
of the proof for almost-sure injectivity) and denote v := % >0z Let v € II* (v, p1), and write

M= ZAi7j6(Zi,$ge(j))'
Z7]

By Proposition 4 and the injectivity assumptions, we have (FPy, Py)#v1 = %Zi 8(Pyz;, ooy (i) and
thus injectivity allows us to identify the coefficients A; ;, yielding v1 = %Zl (5(%%9 @)’ and in par-
ticular, for any i € [1,n], 77" = 5%9(”. The same reasoning applies to vo € II*(v, u2), and thus
Theorem 1 yields

PSH (11, p2) = W2 (p, pi2) Z 1Ty () = Yrp(i) I3

Regarding the almost-sure injectivity claim, assume now that the families (z;) and (y;) are injective,
and take 6 ~ U(S?1). Then (Pyz;) is almost-surely injective, since P(Pyz; = Ppzj) = P(0 €
(z;—x) 7). The same reasoning applies to (Py;), and the injectivity of (z;) comes from the fact that
almost-surely, for i < j, we have Pyx,,;) < PpTo,(j), and Pypyr, ) < Py, (;), hence by sum z; < zj,
almost-surely. O

5.2 Problem Formulation and Reduction to Sorted Projections

The natural question that arises is the impact of projection ambiguity, i.e. non-injectivity of (Pyx;)
or (Ppy;). In this section, we will start from the equality PSg = CWj from Theorem 2, to provide
the following Monge formulation of PSy between point clouds (without injectivity assumptions), that
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we will prove in Theorem 4:

1. 1
CWi | =D 6= 6y, | = —Z N
6 (”; " ”; yj) o E8y) 2 ot ~ ol

where Gy(X,Y) is the set of pairs of permutations (o, 7) such that o sorts (Pyz;);, and 7 sorts
(Ppyi)?y, for given X := (z1,--- ,2,) ER™ and Y = (y1,- -+ ,yn) € R

Gy(X,Y) = Gy(X) x Gg(Y), Gy(X) := {a €6, :Vie [1,n— 1], Porgu < Potogisn), } (36)

with an analogous definition for Gy(Y). We will reduce to the case where the identity permutation
sorts the projections (Pyx;); and (Ppy;)i;, which will greatly simplify notation and proofs. The
following Lemma states that re-labelling the points does not change the value of CWy and of the
Monge formulation.

Lemma 6. Let X,Y € R™*? and 0y, 79 € &,,. Denote by X o g := (Tog)s " " 1 Zog(n))iey and
likewise Y 0 7o := (Yry(1)s " ** » Yro(n) )iz~ Then we have:

1 & 1 & 1 & 1 &
2 _ 2
CWG | D 0w — D 0y, | =CWG [ =D 0= D Oy | »
i=1 j=1 i=1 j=1
and for the Monge formulation, we have the following cost equality:

1>
2 . 2
min § JI2 = min = 5" Cogon(y = Umor@ 3 (37
(o, 7)6619 (X,y)y n H Ta(i) yT(l)HQ (O’,T)GGQ()%OO’O,YOTO) ni3 H o000(i) ~ Y T(Z)H2 ( )

Proof. The first equality is simply a consequence of the equality between measures:

n 1> 12
- E Zdwﬁo(i)’ E z:l(syj = E z:l(syfo(j)'
J= J=

i=1 =1

IN

For the second equality, notice that a permutation o € &, sorts (PyTs,())i=y if and only if Pyx,00(1)
< PpZgpon(n) if and only if og o o sorts (Py;);L,, thus we obtain:

Sy(X 00p,Y o) = {(061 o 0,7'0_1 oT), (0,7) € Sy(X, Y)} :
Eq. (37) follows by change of variables. O

Thanks to Lemma 6, we can assume without loss of generality (for the cost values) that the identity
permutation sorts the projections (Pyx;)!_; and (Ppy;)i,. We formulate this assumption as follows:

Assumption 1. The points X,Y € R™*? and # € S?! are such that:

Ppx1 < - < Py, and Poyr < -+ < Pyyp.

Assumption 1 holds up to relabelling the points (x;) and (y;): taking o € &, sorting (Ppz;) and
T € &, sorting (FPpy;), the relabelled points X := (z4;)) =: X oo and Y := (y,(;)) =: Y o 7 verify
the condition.

5.3 A Kantorovich Formulation of CW, Between Point Clouds

We begin by a characterisation of &y(X,Y'), which states that a pair (o, 7) belongs to Gy(X,Y) if
and only if each “ambiguity” set {i : Pyx; =t} is stable by o and likewise for 7.
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Lemma 7. Let X := (z1,---,2,) € R4 Y := (y1,--- ,yn) € R™% and 0 € S! verifying
Assumption 1. Let A := #{Ppz;}{_, and B := #{Pyy;}]_,. Write {Ppz;}i; = (54)2, where
s1 < - < sa and likewise {Pyy;}7_; = (ty)E_, where t; < --- < tp. Introduce the “ambiguity
group” sets:

Va € [[1,14]], I, = {7, S [[1,77,]] : Pyx; = Sa}, Vb € [[I,B]], Jp = {] S [1,77,]] : ngj = tb}. (38)
Then the set Gy(X,Y) can be re-written as follows:

So(X,Y) = {(0,7) € &2 :Ya € [1, 4], o(ly) = Lo, W € [1,B], 7(h) = hf.  (39)

Proof. We show the property Sy(X) = & ={0 €6, :Vac][l,A], o(l,) = I,} by double inclusion.
First, since s1 < -+ < s4, the inclusion & C &yp(X) is clear. For the converse inclusion, take
o € 6y(X). By definition and by Assumption 1, we have:

Poxy < < Bpwp; Poxon) < -0 < Ppg(n),

which implies that Vi € [1,n], Pyx; = Pyx,(;). Take now a the unique element of [[1 A] such that

i € I,. We have s, = Pyx; = Pg:rg(z) and thus (i) € I,, and we conclude that o € S. The proof for
Sy(Y) follows verbatim, and Eq. (39) follows from the definition (see Eq. (36)). O

To illustrate Lemma 7, we consider an example with projection ambiguities in Fig. 9.

o T
X1@ il jl il jl
: 1l
. @X3 Y ; L L
L Y-m iy J2 J1 i j2 1
REICI - B
: : : : 10— Q7 1 i
OX: Vm 5 3 J3 3 J3
: : : : IZ 12
——< A—ATRO 1,0——0j, J, i—lj, |,
S1 S t ty
Figure 9: In this example we consider two discrete uniform measures with n := 4 points with

projection ambiguity: s; := Pypx1 = Pyxa < s := Poaxs = Py and ty := Ppyr = Poys = Poys <
to := Ppx4. In the notation of Lemma 7, we have A = B = 2 and I} = {i1,i2}, Io = {iz,ia}, J1 =
{j1,J2,73} and Jo = {js}. We consider a permutation pair (o,7) € Gy(X,Y), specifically o :=
(2,1,3,4) and 7 := (2,3,1,4). We see that o sorts the sequence (FPyx;)_; and that I and Iy are
stable by o, and likewise for 7.

We now write a discrete Kantorovich formulation of CWy between point clouds, whose expression we
will be able to simplify later. The main idea is that transport plans P are constrained to exchange
exactly as much mass between I, and J, as the one-dimensional OT plan 7wy between Py#pu and
Py#v sends from s, to tp, as illustrated in Fig. 10.

Proposition 9. Under Assumption 1, let pu := % w10z, and v = %Z?ZI dy, be empirical
measures. Then the CWy discrepancy introduced in Eq. (31) has the following expression:

1 & 1
CW2 n 5x n 7 ) 40
’ (nzzjl ' nz ) PeUrlwI%DlanY z:ljzjlnx y]”2 iJ (40)

U:={PeRP":P1=211 PT1=11}, (41)
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(4,7)ELa X JTp

Po(X,Y) = {PER”X”:V(a,b)e[[1,A]]><[[1,B]] 3y PJ—#(IaﬂJb)}. (42)

Proof. Fix w € Qp(p,v) (see Eq. (32)). By the marginal constraints, we have suppw C {(xs, y;) }i 5,
allowing us to define P € R'*"™ by V(i,5) € [1,n]?, P;; = w({(z,y;)}). Since w € I(u,v), we
verify immediately that P € [U As for the constraint (Py, Pp)#w = mg|u,v] =: mp, notice that by
construction (see the notations in Lemma 7), we can write by | ] Theorem 2.9 for any (o,7) €
69(X7Y) that mp = %Zz (5(P9x0(i)7p0y7(i)). Since {Pﬁxi}?zl = (Sa)ﬁzl and {ngj}?zl = (tb)bB:p it
follows that for any (a,b) € [1, A] x [1, B]:

n

n
1
mo({(Sasts)} Zﬁ L)L(7(k) € Jp) :Z

1
1k el,NJy) = n#(la NJy),

B\H

where we have used that o(I,) = I, and 7(J,) = Jp, which holds by Lemma 7. We can now show
that P € Py(X,Y) using the constraint (P, Py)#w = mp:

a0 ) = 1050 D) = (B PG t)) = 3 P

(4,7)ETa X Jy

The cost [goq ||z—yl|3dw(z, y) writes i llTi—y; 3P j by definition of P. Conversely, it can readily be

checked with the same computations that for any P € UNPy(X,Y), the coupling w := =2 (x“y])
belongs to Qg(u, V), and yields the same transportation cost. We conclude that the equahty in Eq (40)
holds. O
P
X1@ i '
: V1l e )1
0 X3 ; 1
o Y2m ) j2 1
0o | N 7
S : : i i
QX4 YW : I 8 J3
: : : : 2
—— A—A—TRO iy ja J2
S1 S2 tl tz
N J1 J2 J3 Ja
51 t1 1 |fr 1o
P=-X|i|1 0 1 0
rnl0 1 0 1
52 t :
o 2 w0 0 1 1

Figure 10: We continue with the example from Fig. 9 and illustrate the unique optimal transport
plan mp = %5(517“) + %5(32,151) + %5(527752) between Py#u = %551 + %532 and Py#Hv = %6251 + %(ﬁg. We
show a particular transport plan P € U N Py(X,Y) which is not a permutation matrix. For the
constraints, notice for example that mp({(s1,t1)}) = @ =3=Y7 2?21 P

The discrete problem in Eq. (40) can be seen as a constrained Kantorovich problem. Our goal is now
to show that it admits a constrained Monge formulation, which is to say a minimisation over the
constrained set of permutations Sy(X,Y). To show this, we will adapt the proof of the Birkhoff Von
Neumann Theorem | | (see also [ ] Theorem 2 and | | for other proofs which inspired
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our method). Our objective is now to build up definitions and technical lemmas to adapt Birkhoff’s
Theorem, and prove the generalisation stated in Theorem 3. We will consider particular elements of
U called permutation matrices:

(o, B) € &, PP = | ~1(a(i) = B(j))| (43)

n i,J

This method of writing permutation matrices differs from the usual P7; := 11(0(i) = j), and will be
more convenient for our purposes. An elementary property of permutation matrices is that:

Y(a, B,¢) € &2, PYP = preaves (44)
since o a(i) = o B(j) <= a(i) = B(4). For S C &2, we will write P° := {P* : (a, 8) € S}. The

Birkhoff Von Neumann Theorem | | states that Extr U = PSS, where the set of extreme points
of a convex set is defined as:

Definition 5. The set of extreme points Extr C of a convex set C is the set of points ¢ € C
that cannot be written ¢ = %a + %b for some a,b € C.

Our objective is to show that Extr(U N Pp(X,Y)) = PS(XY) We begin with a Lemma showing a
condition for P*# to belong to Py(X,Y).

Lemma 8. Under Assumption 1, for any (o, ) € &2, we have
PP e Py(X,Y) <= Fp € &, : (poa,pof) € Gy(X,Y).

In other words, P*? € Py(X,Y) if and only if P%% = P%7 for some (0,7) € Gy(X,Y).

Proof. Suppose that P*# € Py(X,Y). Applying the definition of Py(X,Y) from Eq. (42), we see
that (using the notation of Lemma 7):

v eLAlxqal, Y SOOI FUOR) g ya)ns) = #0.00).

.. n
(l,])elaij

Let E :={(a,b) : I,NJ, # @}. For any (a,b) € E, we have #(a(l,)NB(Jp)) = #(1aNJp), and thus we
can introduce a bijection ¢, : a(la) NB(Jp) — LoNJp. We have the partition [1,n] = Uy, peplaNJs
where the union is disjoint and the elements are non-empty. Since «, 8 are permutations and by the
property #(a(ly) N B(Jp)) = #(1o N Jp), we have the partition [1,n] = U pepa(la) N B(Jp), again
with disjoint unions and non-empty terms. We can define ¢ : [1,n] — E a map such that Vi €
[1,n], i € a(ls) N B(Jp) where (i) = (a,b). The map ¢ =i — @y (i) is therefore well-defined,
we verify easily that it is a permutation of [1,n] using the partition [1,n] = Ui, pepa(la) N B(J).

We now fix a € [1, A] and show that po«a(l,) = I,. Let i € I, we have a(i) € a(l,), and there exists
(a unique) b € [1, B] such that a(i) € a(I,) N B(Jp). By definition, we get ¢ (a(i)) = (a,b), and thus
p(a(i)) = pap(a(i)) € IoNJy C 1,. We conclude that po«(l,) C I, and similarly that o 3(J,) C J
for any b € [1, B]. By Lemma 7, we conclude that (poa,po ) € Gy(X,Y), concluding the “left to
right” implication.

Conversely, let ¢ € 6,, and (0,7) € Gg(X,Y). Notice that P7™ = P¥°?¥°7 by Eq. (44). We check
that P" € Pp(X,Y) by applying the definition: let (a,b) € [1, A] x [1, B], we have:

s prr o U Or() _ #L0 )

n n

)
(3,7)EIax Ty

where we used that o(1,) = I, and 7(Jp) = Jp, which is a consequence of Lemma 7. O
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5.4 Technical Lemmas on Bipartite Graphs Associated to Couplings

To study the extreme points of UN Py(X,Y) we will adapt the techniques from | : | and
consider the bipartite graph associated to a matrix in P € R}*™, which we define in Definition 6.

Definition 6. The bipartite directed graph Gp associated to a matrix P € R}*™ is the graph
with vertices Vp 1= {ig, k € [1,n]} U {j;, £ € [1,m]} and directed edges:

Ep — {(ik,jl), (k‘,é) S [[1,n]] X [[l,m]], :Pik,jl > O}U{(jl,ik), (k‘,f) S [[1,71]] X [[1,m]], Pl'lel > 0}.

By slight abuse of notation, we will often write {ix, k € [1,n]} as simply [1,n] and {j;, ¢ € [1,m]}
as [1,m], seeing them as disjoint sets of labels. The i’s will be called “left” vertices, and the j’s
“right” vertices. Edges (i, j) being directed from left to right, we will call them “right” edges, and
likewise edges (j,i) will be referred to as “left” edges. We continue the example from Fig. 10 in
Fig. 11 showing the bipartite graph associated to the matrix P.

; . ; .
I, 1 1 I, 1 J1
1 j2 1 ) j2 1

i 3 i3 3
L ) I J
14 ja ]2 Iy ja >

Figure 11: We consider the matrix P from Fig. 10 and show the associated bipartite graph Gp. The
“right” edges from an i € [1,n] on the left to a j € [1,n] on the right are represented in blue, and
the “left edges” are represented in red. Note that by construction, for each (i, j) such that P;; > 0,
there is both a left edge (i, 7) and a right edge (j,7) in Gp.

In the following, we will extract a particular cycle iy — ji — 9 — -+ — 7,11 = 7; from the graph
Gp of an element P € U\ PS%. In proofs of Birkhoff’s theorem, this is commonly used to show that
P is not an extreme point of U. In our setting, we will also make use of this property, in addition to
strategies specific to Pp(X,Y).

Lemma 9. Assume n > 2 and let P € U\ PSn.

Then there exists a cycle (i1, j1, - ,ip, jp, ip+1) € [1,n]*T! in Gp with p > 2 verifying:
ip+1 = i1; (ix)h_; and (jx)h_, are injective; (45)
and Vk € [1,p], P, j, € (0,3), P, . € (0,1).
Proof. First, we show a weaker result:
Ip > 2, 3(in,j1, - sips Jps ipr1) € [Ln]*H
such that ip,+1 = i1; Yk € [1,p], g # ipt1, Yk € [1,p — 1], jr # Jkt1; (46)
and Vk € [1,p], P, j, € (0,2), P, . € (0,2).

Since P € U\ P%», there exists (i1,71) € [1,n]? such that P € (0,1). Since 0 < P, 5, <
2Py = %, there exists iy # i1 such that P, ;, € (0, %) Likewise, since 0 < P, j, < >2; Py j = %a

there exists jo # ji such that P, j, € (0,1). We continue and show the existence of i3 # ia such

25



Sliced Optimal Transport Plans E. Tanguy, L. Chapel and J. Delon

that P, ;, € (0, %) So far, we have built a chain iy — j; — is — jo — i3. If i3 = i; then we have
shown Eq. (46). Otherwise we continue the process up to ig, k > 4 while iy, # i1, and there are two
exclusive possibilities:

1. The process terminates with (i1,j1,--- ,p, jp, ip+1) such that i,.1 = 41, and by construction
the cycle verifies the conditions of Eq. (46);

2. The process continues at least up to k = n + 1, yielding (i1, 1, ,%n, Jn, int1) verifying the
conditions of Eq. (46) except in4+1 # i1. Then by the pigeonhole principle, there exists k; <
ko € [1,n + 1]? such that iy, = i,. Consider the cycle (ig,, k> ik 15 ki t1s " >0k ), it verifies

Eq. (46) (the length is sufficient since by construction ix, 7# ig,+1)-

Now that we have shown Eq. (46), we deduce Eq. (45) by taking p > 2 minimal in Eq. (46). O

As an illustration, in Fig. 11, by following the edges of G p starting from the edge (i1, j1), we observe
the cycle (i1, j1, 12, j3, 14, ja, i3, jo,41) which satisfies the criteria of Eq. (45).

We will also require the following technical result about extracting injective cycles from (possibly)
redundant cycles in a graph. For a set S and n,m € N, we say that two families (s;)7_; € S”
and (tj)?zl € S™ are equipotent if n = m and there exists a permutation ¢ € &, such that Vi €
[1,n], sy = ti- We write this property (s;) ~ (¢;). This concept is particularly useful when the
families are not injective, which will sometimes be the case in the following.

Lemma 10. Let G := (V := AU B, E) be a directed bipartite graph, set p > 1 and consider

a cycle written (ay, b1, ,ap, by, apr1) € VP! with Vk € [1,p], (ag,bk) € E, (bg,axs1) € E.
Then there exists L > 1 cycles of G of the form (af, b5, - - - ,af,e, bfw aﬁﬁl) (with af = aﬁﬁl and

each (af, bf), (b}, ay. ) € E) whose combined elements (without the last vertex) are exactly the
elements of (a1, b1, ,ap, bp):

(ahblv'” 7ap7bp) = (aib%a”' 7a;1)17b;1917 """ 7a1vaf7'” 7a’£L7b£L)7 (47)

and such that for each ¢ € [1,L], the families of edges ((af,b}))y"; and ((bf,af,));_; are
injective.

Proof. Given such a cycle C := (a1,b1,--- ,ap,bp, apt1) we consider the two following “splitting”
operators:

o Splity takes the first pair i < j € [1,p]? (for the lexicographic order) such that (a;, b;) = (a;, b;)
if such a pair (7, j) exists (if not, Splitp(C) returns C). Splitp(C) then returns the two following
sub-cycles:

C1:=(a1,b1, -+ ;ai-1,bi—1,a5,b5,- -+ ;ap, by, apy1), Co = (ay, b, ,,a-1,bj-1,0a;).
Obviously, their concatenation without endpoints is exactly C without its endpoint:

(a1,b1,- -+, ai—1,bi—1,a5,b5,- -+ ;ap,bp,a;, by, -+, a5-1,bj_1) =~ (a1,b1,- -+ ,ap, by).

o Split;, takes the first pair i < j € [1,p]? such that (b;,a;11) = (bj,aj+1) if such a pair (4, 5)
exists (if not, Split; (C) returns C). Split; (C) then returns the two following sub-cycles, (which
verify the equipotence condition):

Ci = (a1,b1,- - ,ai, b, a541,0j41, -+, ap, by, apt1), Co := (@ig1,biv1,- -+, a5,b5,a541).

To split an initial C, we construct a family (C;) of cycles iteratively starting with (C) by applying
Splitp and Split;, to the cycles to the family C, until no cycle can be split. This process terminates
since each iteration increases the number of cycles (they are non-empty), which is bounded because C
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is finite and the concatenation of the cycles (Cp) without endpoints is exactly C without its endpoint.
At the end of the process, the equipotence condition remains and each cycle C; has injective edges
((ag, b0)k, (b, ak+1))k since the splitting process could not continue. O

In Fig. 12 we illustrate the splitting process of Lemma 10.

Abl a Abl a

Abz a; A, QO Av;

Figure 12: Extracting two cycles C1, Cy from the cycle C such that each cycle Cy has distinct (directed)
edges.

A

ai

The cycle from Fig. 12 is a cycle of G (where P) is the OT plan matrix between the measures Py# u
and Py#v, constructed using P from Fig. 11 with a; € [1, A] where i € I,,, then b; € [1, B] such
that j1 € I, and so one. This example case is paramount since it will be the use case of Lemma 10
in the proof of Theorem 3.

The following lemma is in essence a cyclical monotonicity property, and concerns a property of cycles
in the bipartite graph associated to the matrix P € RAXB which is the unique optimal transport
plan matrix between the one-dimensional measures Py#u = ZA #I“ 0s, and Py#Hv = Zf 1 #Jb Ot -
The idea is that by monotonicity of P, no edges of G can cross one another which constrains Cycles
to have a left edge (b,a) corresponding to each right edge (a,b). We remind that by assumption
s1<---<s4qandt] <---<tp (the notation was introduced in Lemma 7).

Lemma 11. Let P € R{*? be the OT matrix between Y72, #e5, and Y0 | #2%4,, .
If C := (a1,b1, -+ ,ap,bp,ap41) is a cycle in Gp (ie. (ak)iﬂ e [1, AP, (bp)i_, €
[1,B]P, apt1 = a1 and Vk € [1,p], Pap, > 0 PakJr1 b, > 0) such that the families of

edges ((ak,bk))kzl and ((bk,ak+1))k:1 are injective, then ((ak,bk))lC = ((ak+1,bk))£:1

Proof. First, by optimality of P, by | ] Lemma 2.8, P is monotone in the sense that:
V(a,b), (a',0') € [1, A] x [1, B], such that Pyj, >0, Py >0, a<a = b<¥.

Note that the contrapositive yields the symmetrical property that if b < b’ then a < a/. Furthermore,
we remind that since each (ag,br) and (by, ar4+1) are edges of the graph G5, we have P, 5, > 0 and
Py, > 0. We can understand the monotonicity property as the fact that the edges of the cycle
cannot cross one another.

By injectivity of the edge families, to show the equipotence result, it suffices to show that Vk €
[1,p], 3&" € [1,p] such that (ax,br) = (ar41,br). Since the vertices ay and by are part of the cycle
ai — by = ag — -+ — apy1 = ay, there exists a sub-cycle by — af = b] — -+ — b; — ay, which
is to say that there exists, for some ¢ > 0, (by,a1) € C, VK’ € [1,q], (a},, b)) € C, (bjy,a3,,) €C
(writing aj; := ag), and we now take ¢ > 0 minimal. We will show that ¢ = 0 by contradiction:
assume ¢ > 1, which implies that a}] # a; by minimality. Assume that a] < aj (the case a} > aj
is analogous). By monotonicity of P, we deduce b} < by, and even b] < by since b = b would
violate the minimality of ¢. By monotonicity, we deduce that a4 < o} and again, even af) < a
by minimality of a. Continuing this process we find that a; 41 < ay contradicting a’q 11 = ap. We
conclude that the edge (b, ax) belongs to the cycle, which is to say that there exists k' € [1, p] such
that (ag,br) = (ag/41,bx), finishing the proof. O
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In Fig. 13 we illustrate the result of Lemma 11 in the use case of the proof of Theorem 3, regrouping
the continued example from Figs. 9 to 12.

C
1@ . .
. ox; /W s L n
: : : 1 t] 1
: : yZ. 2 .
X2@ . mys 1 j2 |1
o vom 26— t, i '
L : : P I 3 J3
—0—90——A—4ARO . .
S1 Sy tt i4 ja J2
a — VSR Av:

/ 61 c,

Abz aj Abz az‘ Abz

Figure 13: We take two discrete uniform measures p := %Zi 0z, and v := %Zj dy; such that
S§1 = ngl = Pg.%'Q < 827:2 Pg.%'g = P9$4 and t1 = ngl = ngQ = ngg < tg = ng4. We
represent the OT matrix P between the measures Py#u and Py#v and consider the bipartite graph
G p associated to a coupling P € UNPy(X,Y) (presented in Fig. 11). In this case the graph Gp
(top-right) contains the cycle C := (i1, j1, 2, j3, 14, ja, i3, j2,91). We consider for each k the “right”
edge (ag,by) in G5 such that iy € I, and ji, € J;,, and the “left” edge (by, ax,1) such that ji € Jp,
and i1 € Ig,,,. This defines the cycle C in G, that we decompose into cycles with distinct edges
(Cy) using Lemma 10. Lemma 11 then applies to each Cy and we observe indeed that in C,, each
“left” edge (b,a) has a corresponding “right” edge (a,b) in the cycle.

5.5 A Constrained Version of the Birkhoff von Neumann Theorem

We are now ready to prove a constrained version of the Birkhoff von Neumann Theorem [Bir16]. We
remind that Py(X,Y) is defined in Eq. (42), U in Eq. (41) and PS0(X5Y) = [Po7 (0,7) € Gp(X,Y)},
with P%7 the permutation matrix introduced in Eq. (43) and &y(X,Y") defined in Eq. (36). Finally,
the notion of extreme points is defined in Definition 5.

Theorem 3. Let (X,Y) € R and § € S verifying Assumption 1. Then

Extr(UN Pp(X,Y)) = PSoXY),

Proof. — Step 1: PS0XY) € Extr(UN Py(X,Y))

First, for (0,7) € Gp(X,Y), we have P?" € Py(X,Y) by Lemma 8, which shows that P> €
UNPy(X,Y). Now if Po" = 1Q + 3R for some (Q, R) € UNPy(X,Y), then for any (i, ) € [1,n]?,

we have P;1" € {0, 1Y, thus 3Qi;+5Ri; = P77 implies that Q;; = Ry ; since Q; j and R; ;j are both

in [0, 1] (since they belong to U). This shows that P> € Extr(U N Pp(X,Y)).
— Step 2: Writing P € (UNPy(X,Y)) \ PSXY) as P = (Q + R)/2 with Q, R € [0, L]»>»
To show Extr(UN Py(X,Y)) € PEXXY) we will show that

(UNPy(X,Y)) \ PEEY) c (UNPy(X,Y)) \ Extr(UN Py(X,Y)).
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Note that when n = 1 the entire Theorem is trivial, and in the following we assume n > 2. We take
P € (UNPe(X,Y))\ PEXY) and apply Lemma 9, allowing us to introduce (i1, j1, - ;%p, jp, ip+1) €
[1,n]%*! such that Zp+1 = i1, the families (ix)}_, and (jx),_, are injective and Vk € [1,p], P, j, €
(0,1), P, € (0,1). We consider the set of “right edges” Eg = ((i, ji))h_, and “left edges”:

'n

Er := ((ik41,Jk))h—;- By injectivity, we have Er N E;, = @ and that Eg and Ej, are themselves
injective. Note that our cycle construction is illustrated on an example in Fig. 13. We take the
smallest margin ¢ > 0 that P has to be in U (within the cycle):

e:= min {P; — Py g Pik+17jk’ 1- Pik+1,jk} € (0, %)>

kell,p] o 1

and introduce the matrices Q, R € R"*" defined as, for (i, ) € [1,n]*

Py if (i,j) ¢ ERUEL P; if (i,j)¢ ERUE
Qiji=1{ Pj+e if (i,j)eEr , Riji=4 Pj—e if (i,j)€Eg
Pj—e it (i,j) € EL Pj+e it  (i,j) € By

For visualisation purposes, in the example of Fig. 13, we represent “left” edges of the cycle in blue (on
these edges, we add +¢ in @ and —¢ in R) and “right” edges in red (on which we do the opposite).
By definition of €, we have @, R € [0, 2]"*". By construction, we also have P = 1(Q + R).

— Step 3: Showing that Q,R € U

Fix j € [1,n], we show that >, Q;; = % Since Er, and ER are injective and disjoint, we compute

n
Y= X Pyt Y (Putad Y (Py-e)= -t e(#al) - #L0)),
i=1 ix(i,)) ZERVEL i:(i,j) € ER i(i.j)€BL

where Ir(j) :={i € [1,n] : (i,7) € Er} and I (j) :={i € [1,n] : (i,5) € Er}. Since Eg and Ef, are
injective, we deduce that Ir and Iy, are also injective. Take i € Ig(j) and write (4, 5) = (ix, jr) € FrL
for some k € [1,p]. We notice that (ix, jx—1) € Er where if k = 1 we write jx_1 := j,. We conclude
that #1r(j) = #I1(j) and thus that Y, Q;; = % The same reasoning shows that -, Q;; = % for
all i € [1,n], and we conclude that @) € U. The same computations show that R € U as well.

— Step 4: Showing that @, R € Pp(X,Y)

We now show that @, R € Py(X,Y) using the definition (Eq. (42)). Take (a,b) € [1, A] x [1, B]. We
have:

Y. Qij= > P+ > (Pyte+ > (Py-—e)

(i.d)Elax Ty (i.)€(Ia X Ty NESNES (i.)€(Iax Jy)NEr (i.)€(Lax Jy)NEL
#Ia N Jy
=~ T e(#((a x B) N Er) = #((la x Jy) N EL)). (48)

Let P ¢ R%*E be the OT matrix between Y2 | #lag, and S°F , #%6, . Consider the family
C = (a1,b1,-- ,ap, by, apt1) defined by the condition Vk € [1,p], iy € Io,, jk € Jp, and api1 := ay.
Since C := (41,42, ,ip, Jp, ip+1) is a cycle in Gp, it follows that C is a cycle in G since the condition
P € Py(X,Y) implies:
V(CL, b) S [[1,A]] X [[1,B]], Z Pi,j = ?a,ba
(4,5)€laxJp

thus if P;; > 0 for some (i,7) € I, x Jj, then P,; > 0. See also Fig. 13 for an example. We now
apply Lemma 10 to show that C is the “concatenation” of L > 1 cycles Cy of G5 of the form:

7o (44 1L
Cpi= (a’lﬂbl?"'a plvbp[’ pe+1)

where “concatenation” means that Eq. (47) holds with the same notation, and where each Cy is such
that the edge families ((af,by))7", and ((bf, af,))}", are injective. For each ¢ € [1, L], we apply

Lemma 11, which shows in particular that for any (a,b) € [1, A] x [1, B]:
#{k e [Lpd: (af, b)) = (a,0) } = # {k € [Lpd] : (afos1,Bf) = (a,0) . (49)
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We understand Eq. (49) as the fact that for any left edge from group a to group b in Cy, there
corresponds exactly as many right edges from group b to group a. This will allow us to show that

the terms in 4+¢ and —e are in the same number. We now re-write the sets from the condition on
(Eq. (48)) for a fixed (a,b) € [1, A] x [1, B]:

# ((Ia X Jp) N ER) = {(ik, jr), k € [1,p], (ix,jr) € Lo X Jp}
= # ((ax, b), k € [1,p], (ar,br) = (a,b))

L
=3 # ((ah W), k€ [pd. (aheth) = (a.0)
(=1

L

- Z# <(b£aa£+l)7 k€ [1,pel, (ak;.q_l;bk) (a, b))
=1

=# ((Ia X Jb) N EL) )

where the first equality uses the definition of Eg, the second inequality comes from associating to
each pair (i, ji) its group pair (ag, bx) and counting the group pairs with repetition, the third equality
the concatenation property of the cycles C; (Eq. (47)), the fourth equality from Eq. (49) and the last
inequality from the definition of Ef, (doing the same computations as for Er in reverse order).

Combining with Eq. (48) shows that Y ier.xs, Qij = 202%) and thus that Q € Pp(X,Y).
Likewise we show R € Py(X,Y) and thus we have found @, R € UNPy(X,Y) such that P = 2(Q+R),
and we conclude that P does not belong to Extr(U N Py(X,Y)), finishing the proof. O

From Theorem 3 we deduce the following theorem, which is a Monge formulation of the constrained
Kantorovich problem in CWy:

Theorem 4. Let (X,Y) € R"™*? and § € S, we have:

1 & 1 &
ng (7225%’?7,25%) - min *ZH Lo (4) yT(’L)H%’ (50)
=1 1

; (0,7)EGH(X)Y) N

Proof. Beginning under Assumption 1, we combine Theorem 3 with the expression of CW3 from
Proposition 9:

CW2 Y ) 2P = i —yi|12P s,
9( Z " Z ) . ;”m’ UildPis = g izjjnxz will3 P

since the solution of a linear program over a non-empty convex compact set is attained at an ex-
treme point ([ | Theorem 2.7), and we conclude that the expression in Eq. (50) holds thanks to
Theorem 3. For the general case without Assumption 1, we use Lemma 6. ]

6 Min-Pivot Sliced

6.1 Min-Pivot Sliced Discrepancy: Definition

A specificity of the Pivot Sliced Wasserstein discrepancy is the dependence on the axis § € S,
which can overly constrain the choice of transport plans. In this section, we study the Min-Sliced
min-pivot sliced Discrepancy which minimises PSg over # € S¥~1. This object was first introduced

in | | on the set of discrete uniform measures with n points.
min PS%(uy, po) := min PS3(pu1,p0) =  min / llz1 — z2||3dw(y, 29), (51)
fesSd-1 pesd—1 R2d

weg (p1,u2)
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where we used the notation Qg(u1, p2) defined in Eq. (32), and Theorem 2. We show below that the
infimum is attained:

Proposition 10. Let s, pi2 € P2(RY). Then the minimum in Eq. (51) is attained.

Proof. Take a sequence (6,)neny € S%! such that PSy, (u1, u2) i min PS(p1, p2). By com-
n—--+0oo

pactness of Sdil, we can extract a converging subsequence of (6,): up to extraction we can assume

that 6, —+> 6 € S™1. Denoting pg, := pe, [p1, p2], by Proposition 1, for each n € N we can
n——+0oo

choose pn, € I'(ue, , pi1, p2) optimal for PSg_ (u1, p2). By Proposition 6, we have pg, :_I>U—+> 144
n o0

Using Lemma 1 item 1) we obtain that the set of T'({ug, }, 1, p2) is tight in P2(R3?), and since
(pn) € T({pe, }, pt1, p2)Y, there exists an extraction a such that Pa(n) _I>U—+> p € Po(R34). Apply-
n o

ing Lemma 1 item 2) shows that p € I'(ug, 1, 12).

The cost function .J := p € Pa(R3?) — fde llx1 — x2||%dp172(y, x1,x2) is lower semi-continuous by
[ | Lemma 1.6, which provides the following inequality:

PSj(p1, p2) < J(p) < lminf J(pae) = lim S8 (1115 112) = min PS* (1, ),
where the first inequality holds by the property p € T'(ug, pi1, pi2), the second inequality comes from
the lower semi-continuity of J and the first equality comes from the fact that Vn € N, J(p,) =
PSj (u1, p2). We conclude that min PS(pi1, p2) = PSg(p1, t12) and thus the infimum is attained. [

From Proposition 10, we conclude that the properties of PSy stated in Proposition 5 are inherited by
min PS. In Example 5, we show an example which numerically contradicts the triangle inequality.

Example 5 (min PS does not verify the triangle inequality). We consider a setting with three
measures i1, fi2, 43 € P(R?) with 10 points each, obtained with five rotations of the example
from Example 3, which we represent in Fig. 14. Extensive numerical approximation with
L := 10 directions yields the following violation of the triangle inequality:

min PS(p1, p13) + min PS(us, p2) — min PS(p, pe) =~ —0.612.

While the expression are not tractable in closed form, this numerical experiment strongly sug-
gests that the triangle inequality does not hold for min PS.

6.2 Equality with the Wasserstein Distance for Certain Discrete Measures

In | ] (Proposition 3.2), the authors show (proof in | ] Section 11.1) that the Min-
Sliced Discrepancy min PS equals W3 on the set P"(R9) of uniform discrete measures with n points
under a condition on n and d. Their proof relies on an application of | | which requires the
points to be in general position (see Definition 7), however the condition is not stated in [ ].
For the sake of clarity, we restate the result and provide a detailed proof. First, we remind the notion
of points of R? in general position in Definition 7.

Definition 7. Let z1,--- ,z, € R We say that the points are in general position if for all
k € [1,d], there is no subset I C [1,n] with k + 2 elements such that {z;}ics is contained in a
k-dimensional affine subspace of R,

Proposition 11. Let p := 3" 5, and v := 237 | 6, such that the union of supports
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Figure 14: Counter-example from Example 5 to the triangle inequality for min PS.

(x;) U (y;) is in general position. If 2n < d + 1, then:

{(U,T) S 6721 : 30 € S vi S [[1,77, — 1]], ngg(i) < ngo-(i+1), P@Z/‘r(i) < ngT(Z’+1)} = 6%.

(52)
As a result, min PS(u,v) = Wa(p, v).
Proof. By the Theorem in | ] Section 2 and Equation (12) in Section 3, since (21, , Zn, Y1, ,Yn)
are in general position and d > 2n — 1, we have
{a € Gay:30 €S4 VR € [1,2n — 1], Pozag) < Peza(m)} — Gy, (53)

where (21, ,22n) == (Z1, -+ ,Tn, Y1, ,Yn). Take now (o,7) € &2 and define a € &g, by:
Vie [1,n], a(i) :=0(i), Vje€[l,n], a(n+j):=71()).
By Eq. (53), there exists # € S¥~! such that V& € [1,2n — 1], Poza(iy < Pyza(it1), showing Eq. (52).

Now by definition of Gy(X,Y’), the RHS term of Eq. (52) is a subset of Uycgi-169(X,Y"), which
shows that Upega169(X,Y) = &2. Using Theorem 2 and Theorem 4 we conclude:

min PS(u,v) = *ZHQJ yT(i)Hg— min ZH Tot) — Yriy 13 = Wa(p,v),

(o, T)EUeesd 169(XY n )662 n i
where the last equality comes from the Monge formulation of Ws in the case of uniform measures
with the same number of points (see [ | Proposition 2.1 for instance). O

7 Expected Sliced Wasserstein

In | ], Liu et al. present a variant of the Sliced Wasserstein distance, consisting in taking the
transport cost of a coupling that is an average of lifted sliced couplings. In this section, we will
explain how to define these notions for general measures of P2(R?) instead of discrete measures ones.
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7.1 Lifting Sliced Plans
To lift a 1D transport plan onto R%, we will require the notion of disintegration of measures with
respect to a map reminded in Section 2.4. Let 1, 2 € Po(R?) and 6 € S*"!. Consider the disinte-

gration of p; with respect to Py := x — x -6 as in Definition 10: p;(dx) = (Pg#ul)(Pgdx)ufex(dx).

The kernel pf%* is a measure on R? supported on the slice {2/ € R? | 2/ -0 = x -0} = x + 6+
Denoting similarly the disintegration of pe by ua(dy) = (Pe#ue)(Pedy) ,ug(’y(dy), we first notice that
the disintegration of p; ® ps with respect to (Py, Py) writes simply as a product:

1 @ pa(de, dy) = (Po#tpn) (Poda) (Po#pz) (Pody)ut?” (dz)us? (dy), (54)

noticing that (P, Py)#(p1 ® p2) = (Po#u1) @ (Po#tpz).

Take now the 1D OT plan 7y := mp[p1, ua] € II*(Py# 1, Pp#p2), the idea behind the lift is to replace
the independent coupling (Py, Pp)#(u1 @ pu2) = (Po#u1) @ (Pp#pe) in Eq. (54) by mp: we define the
lifted plan through its disintegration as:

vo(dz, dy) := mo(Pydz, Pydy)pt®® (dz) s ?? (dy). (55)

More formally, we can define 7, using test functions ¢ € Cy(R% x R9):

[ o bt = [ (/ o ¢<x,y>dui<x>dus<y>>dm(s,t» (56)
R2d R2 \J Py (s)x Py (1)

We illustrate the definition of the lifted plan on a simple example in Fig. 15.

130 mYy1 @y | ®Po#u,
: | [Ll_z APQ#HZ
X2 @ mY> ~—Tlg | 17)/6
: : : -4
n@=— mys

Tt

Figure 15: Example of the lifted plan -y between two measures p1 and ps. In this case, we notice
that Pyx1 = Pyxs and Pyys = Pyys. As a result, the optimal plan 7y between Py#u1 and Py# o does
not allow us to deduce an assignment between (x1,z2) and (y2,ys3). The lifted coupling vy chooses
the independent coupling: z; is assigned uniformly to (y2,ys) and likewise for z5. As for x3 and yi,
the coupling 7y assigns Pyxs to Pyy; which imposes that vy send x3 to y;.

In Proposition 12 we show that the lifted plan is a valid coupling between p; and pe. We also provide
an explicit expression for discrete measures fi1, 12, which coincides with the expression in [ ]
Equation 9, which serves as their definition of lifted plans.

Proposition 12. Let p1, 2 € Po(R?), 6 € ST and g := vg[u1, p2] the lifted plan defined in
Eq. (56). Then:

L. yp € (p1, p2).

2. If iy =Y aidy, and pg = Zznzl bjéyj, let g € IT*(Pyp#u1, Po#u2). For (i,7) € [1,n] x
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[1,m], we define Q; ; := mo({(Ppxi, Poy;)}), which allows us to see 7 as a matrix of size
nx m.

n m a;b;
VGZZZTéQiﬁ(wj)a A= > ay, Bi:= ) by (57)

i=1j=1 iy -0=x;-0 J'y-0=y;-0

Proof. For 1. we verify the property using a test function ¢ € CJ(R?) with Eq. (56):
(@de.n) = [ <J/ ¢($)duf($)d#§(y)> (5,1
R2 \J Py (s)x P, (t)
= / (/ ¢(w)dui(ﬂf)> (/ dué(y)) dm(s,1)
R2 \J P, (s) P71

(4

R2d

=1

_/</1 m@mﬂ@)d%#mw)
R \J P, " (s)
- [ o a)

R4

where we use the fact that the first marginal of my is Py#u1, and then used disintegration of
with respect to Fy. The same method shows that the second marginal of vy is po, concluding

Yo € II(p1, p2).

For 2. we begin by writing explicitly the disintegration of u; with respect to Py. For u1 = Y1 aida,,
we have Py#u = 3;ai0p,s,, and for s = Pyx; € supp(Py#p), we have pf = A;* 2ireat b= Wi Oz -
We establish Eq. (57) by testing on ¢ € C2(R??). The support of 7y is (at most) the family of pairs
((x; -0,y -0))i ;. We choose I C [1,n] x [1,m] such that the support of 7y is the injective family
((xi-0,y; - 0))(i,j)el' We then have:

@ﬂ@mmwFAXéwwﬁﬂmwwm%@ﬁmm>

a;rbir
= > ( > ﬁb(xi’vyj’)f;B],)W@({(P@xi’Pt‘)yj)})
(4,4)€I \i":Pyx;=Pyx; r=
3" Pyy;1=Poy;

where we use the fact that for (i,7) € I and (7', j') such that Pyzy = Pyx; and Pyy;r = Pyyj, it holds
that Al = Ai/, Bj = Bj/ and Qi,j = Qi’,j/- O

The discrete expression in Eq. (57) shows that the definition of listed plans in Eq. (56) is a general-

isation of the plan lift from | | (Equation 9). We now study the transport cost associated to
the lifted plan ~g:

Definition 8. For 6 € S“! and p1, s € P2(RY). With ~g[u1, po] the lifted plan defined in
Eq. (56), we define the lifted cost as:

L3 at ) = [ | o1 = wallidolin a1, 2)

We will see that LSy defines a discrepancy on P2 (R?) that is almost a distance.
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Proposition 13. Fix # € S% . The quantity LSy is non-negative, symmetric, verifies the
triangle inequality, and if p1, o € Po(R?) verify LSg(u1, pt2) = 0 then puy = pp. Furthermore,
we have the inequality LSy > Ws.

Proof. Non-negativity and symmetry are immediate. For pui,ps € P2(R?), by Proposition 12, we
have Yg[p1, po] € I, p2), hence LSg(p1, p2) > Wa(pur, p2). Suppose now that pi1, po € Po(R?) are
such that LSy(u1, p2) = 0, then Wo(pug, po) = 0 and therefore p1 = po.

We now show the triangle inequality: let py, o, 3 € Po(R?). We consider the sliced 3-plan 79 defined
by:

— (-l (1] [—1]
o = (FPQ##l’FPG#IJQ’ FPG#Ms) #%071]'

For i < j € {1,2,3}, introduce Wéi’j ) the unique optimal transport plan between Py#u; and Py ;.
By | | Theorem 2.9, we see that [ng];; = Wéw ). We now lift the sliced plan 7 in the same
manner as in Eq. (56), defining a plan pg € P2(R3?) by disintegration:

po(day, day, dzs) := 1g(Pydxy, Ppday, Ppdas)pt ™ (A ) ps?™ (dag ) ud?™® (das).

By computing the expectation against test functions, Vi < j € {1,2,3}, [psli; = vols, 1t5]. We now
use the classical gluing method (as in [ ] Lemma 5.5) to show the triangle inequality, introducing
the functions ¢; := (21, x9, x3) — z; for i € {1,2,3}:

LS (p1, p3) = \//2d w1 — @3]|3dve[p, pa] (1, 23)
R

= \//w |1 — 3]|3dpe(z1, x2, 2:3)
R‘

= |lp1 — @3l L2(py)
< Né1 = 2llr2(pp) + 62 — D3l L2(0p)

= \// w1 — x2l|3de p, po](x1, x2) + \// |w2 — @3]|3d76[p2, pa] (1, 22)
de RQd

= LSq(p1, p2) + LSg(p2, p3).

g

The discrepancy LSy is not a distance on P2(R?): in Example 6, we introduce a particular case in
dimension two where LSy(u, 1) > 0.

Example 6 (LSg(y, 1) can be non-zero). Take 6 := (1,0) and p = 3(0z + 0z,), o =
(0,0), z1 :=(0,1). We have Py#u = §p and thus yg[u, u] = p ® p. The lifted cost is then:

1 1
LS5 (s 1) = 7 (Ileo = @oll3 + llzo — @[3 + ller = @oll3 + llz1 — 21]13) = 5> 0.

For probability measures 1 with countable support, for almost-every # € S, there is no ambiguity
in the projections, and thus LSg(u, ) = 0, as shown in Proposition 14. To state the result, we
introduce the following notation for the set of probability measures with countable® support:

Ppc(R?) = {,u = Z 420, : X C R countable, (az)zex € (0,1]%, Z ag = 1}. (58)
rzeX zeX

3by “countable", we mean a set that is either finite or equipotent to N.
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Proposition 14. Consider 1 € Ppc(R?), then for almost-every § € S¥!, we have LSy (u, 1) =
0.

Proof. Denoting , the uniform measure on the unit sphere S%~!, we have by countable additivity
Py ,(Gx #y € X? : Ppx = Ppy) < Ypsyexz ul(z — y)t) = 0. We now fix © C S the set
O:={0ecS¥!:Vz#£yec X2 0¢(x—y)}, we have shown that () = 1. For € O, the family
(Pyz)zex is injective, and the disintegration kernel p with respect to Py at Pyz is simply 5@9 L
therefore the lifted plan yp[u, 1] is 3 ¢ x @20(p0)- It follows from the definition that LSy(u, ) = 0
for any 6 € ©, concluding the proof. O

7.2 Averaging Lifted Plans

Let g1, 2 € Po(RY) and 6 € SY~!. We have constructed a lifted plan vy € II(u1, o) (see Eq. (56)
and Proposition 12). We now define the expected lifted plan as the “average” of lifted plans over all
directions 6 € S*~! through a probability measure € P(S%"!). We define J[u1, u2, ] by duality on
test functions ¢ € CY(R? x R9):

Lot o) = [ [ oyl mlend ©) (59)
R2d sd—1 JR2d
Having defined the expected lifted plan, we can now define the expected sliced discrepancy:

Definition 9. Let p1, 2 € P2(R?) and € P(S?1). The expected sliced discrepancy between
w1 and po is defined as:

B o) = [ | llo = ylBdrla, (o)
— [ [l = vl polo)d (@)
Sd—l RZd
~ [ LS} nnad ©).
gd-1

where J[u1, 2, | is the expected lifted plan between ui and po for the measure on S,
defined in Eq. (59), and ~g[u1, o] is the lifted plan defined in Eq. (56).

The properties of LSy are passed on to ES by integration.

Corollary 2. For any probability measure on S?!, the quantity ES is non-negative, sym-
metric, verifies the triangle inequality, and if gy, s € Po(RY) verify ES (u1,p2) = 0 then
p1 = po. Furthermore, we have the inequality ES > Wo.

Proof. Non-negativity, symmetry and the property ES > Ws are immediate by applying the defini-

tion and Proposition 13. For the triangle inequality, let p1, 2, uz € Po(R?) and for i < j € {1,2,3},

introduce f; j := 6 — LSy (ui, i15). By Proposition 13 we have 0 < fi 3 < f12+ f2,3. We write:

ES (p1,p3) = [[fisllee )y < W fr2 + faslleey < Mfrzllzecy + 1 f23llzzc )y = ES (1, p2) + ES (2, p3).
O

The discrepancy ES is not a distance on Py(R%). First, if d = 2 and = (1,0, ES = LSy and the
counter-example from Example 6 earlier with p := %5(070) + %5(071) yields ES (p, u) > 0.

Even for probability measures that are absolutely continuous with respect to the uniform measure
on S%!, we can find examples where ES (u, 1) > 0, as presented in Example 7.
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Example 7 (Case where ES (u, ) > 0 for any ). Take any probability measure on S*
and g := U(Bg2(0,1)) the uniform measure on the Euclidean unit ball of R%. We have
for any 0 € S', Pyu = v, where v(dt) = @1[,1’1} (t)dt. The disintegration of u with
respect to Py is covariant with respect to 6, and the disintegration kernel at ¢ = FPyx is
pt=u ({tG +v0,, veE[-VI—t?V1-— tﬂ}), where we have fixed €| a unit orthogonal vector

to 6. The disintegration kernel u! is the uniform measure on the ball slice of Bg2(0, 1) N (t0+61)
(with 0+ := {x € R?: -2 = 0}), and can simply be understood as the uniform measure on the
segment [—v/1 — 2,v/1 — t2], cast into R?. The optimal transport plan between v and itself is
7o = (I,I)#v, and it follows that the lifted plan between p and itself is (denoting ¢ := Pyxq
for legibility):

Yo(dz1,dze) = dpyz,=Pya, (APpx1, dPpx2) (dP9$1)

®U({(t9+7)19l,t9+U29L) Ul,vg \/1—t2 \/1—t2 }) dxl,dxg).

We provide a visualisation of the disintegration u‘ and the coupling 7y in Fig. 16.
By symmetry LSy(u, pt) does not depend on 6, we compute it for 6 := (1,0):

2v1 — u?

2
1
l[_\/l—uQ,\/l—uQP (Ul, UQ) <m> dU1 dvgdu

(v — U2)2dU1dU2du

L830u) = [ 0 01) = (w02 B (w)

m v1=v1—u? vo=v1—u?
/—1 /U /’Ug—\/l—u2

17—1u

Zso.
12>

We conclude that ES (u, ) > 0 (for any ), and thus ES is not a distance on Py(R9).

Ve = @

0+ 67 0+ 07

Figure 16: Illustration of the lifted plan vy from Example 7 between p the uniform measure on the unit
Euclidean ball of R?, and itself. The plan is defined by disintegration: the coupling between Py#u
and Py#u is simply (I, 1), the coupling induced by the identity map. As for the orthogonal part,
the disintegration kernel of p at t6 is u!, the uniform measure on the ball slice Bg2(0,1) N (t6 + 6+),
represented as a thick red vertical line. The lifted plan couples the disintegration kernel pu! with
itself with the independent coupling: writing ’y};’t as the disintegration kernel of vy at (¢,t) € [~1,1]?,

we have ’yét’t) = ¢ ® pg, which corresponds to the uniform measure on the square {(t0 + v16,t0 +

’UQHJ_), (1)1,1)2) S [—\/1 — t2,\/1 — t2]2} C R4

Using Proposition 14, we can show that the expected sliced distance is a distance on the set of
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“countably discrete” probability measures defined in Eq. (58).

Corollary 3. For any  a probability measure on S% ! that is absolutely continuous with
respect to ., the quantity ES is a distance on Ppc(R?).

Proof. Thanks to Corollary 2, the only axiom to verify to show that ES is a distance on Ppc (Rd)
is to show that Vu € Ppc(R?), ES (u,u) = 0. We now fix u € Ppc(R?). Since < , we
have by Proposition 14 that for -almost-every 6 € S¥!, LSg(u, ) = 0. We conclude ES?(u, pt) =

Joos LS 2)d (6) = 0. =

8 Numerics

In this section, we evaluate the efficiency and practicability of the sliced-based transport plans, namely
min-Pivot Sliced Wasserstein (min PS) and expected Sliced Wasserstein (ES), in both synthetic and
real-world scenarios. We begin by presenting quantitative and qualitative results on toy datasets,
evaluating their ability to generate meaningful transport plans and costs across various settings. We
continue with a colour transfer task, which is simple to assess qualitatively yet can be computationally
challenging in classic OT due to the large sample size (n > 500%). We finish with a more complex task
that involves large-scale datasets where a transport plan is required, namely point cloud registration.
For these experiments, we employ the POT toolbox | ]. Note that we report experimental
results only in the context of distributions with the same number of samples but that the results can
be easily extended to the case of different number of samples. All experiments were run on CPU on
a MacBook Pro with an M1 chip.

8.1 Evaluation of the Transport Losses and Plans
8.1.1 Gradient Flows

We perform a gradient flow on the support of a discrete source distribution y, aiming to minimise the
(Sliced) Wasserstein distance with respect to a discrete target distribution v: min, {F"(u)}, following
the setting of | ]. This procedure yields a flow (u;); that decreases the functional F”(u) over
time 0 < t < 1. We consider here several functionals: the Wasserstein distance W%, the Sliced
Wasserstein distance SW2, min PS? and ES?. For min PS and ES, at each step we draw randomly
L directions 6; € S*! and compute min PS? ~ min, PS%E and ES ~ %ZELZI LS%Z. Moreover, for
min PS, we use an optimisation scheme described in | ] to obtain an approximation 0* of an
optimal direction 6* € argmingega—1 PSj. In what follows, it is denoted PSZ, .

We consider several target distributions of n = 50 samples, shown in the first and third columns of
Fig. 17: a Gaussian distribution (in 2 and 500 dimensions), a spiral, two moons, a circle and eight
Gaussians of different means. The source distribution is chosen to be a uniform distribution. We use
Adam as an optimisation scheme, with a learning rate of 0.02 for all methods, and consider L = 50
directions for the sliced approaches. We report the 2-Wasserstein distance between u; and v at each
iteration of the optimisation procedure, and repeat each experiment 10 times.

One can observe that the Expected Sliced discrepancy does not converge in any setting. This finding
is consistent with the one of | ] (section 3.4). In contrast, all other methods enable convergence
to the target distribution, i.e. uy — v as t — 1, when working in two dimensions. When considering
a 500-dimensional Gaussian distribution, only Wasserstein and PSj;, achieve convergence: with a
fixed number of samples n, we suspect that the required number of directions to obtain a good
approximation must grow exponentially with the dimension, making min PS (with L = 50 directions),
ES and Sliced Wasserstein inadequate for this context. Using optimisation techniques in min PS
provides a single meaningful direction 6*, even when n is small compared to the dimension. One can
notice that Wasserstein and PS;, have very similar behaviours, which is backed by Proposition 11

which states that PS;, is equal to the 2-Wasserstein distance when 6* is an optimal direction and
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when d > 2n — 1. This encourages the use of the minimisation method proposed in | |, which
outperforms the search over L random projections.

W —— sw3 — ES —— minPs} PS3.

— Gaussian

,4 \ 500d 5 4
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i
N
logio (W2)
o

0 250 500 750 1000 1250 1500 1750 0 250 500 750 1000 1250 1500 1750
Number of iterations Number of iterations

X % 005
X
2 Nl 2
x X% X %
x X & 0 X X X X A —
x B \\\ X x X >< £} =
% « = 2 X X X X < 29
& X X X X &
—a —ad
% o & ¥ o x x x X o
« -6 X 232( _64
x S S S — g —
X -8 550002 -84
0 250 500 750 1000 1250 1500 1750 0 250 500 750 1000 1250 1500 1750
Number of iterations Number of iterations
4 4
o Bex x
x5 2 x x 2

logio (W3)
I
N
logao (W3)

Xx
X X 1
% £ < x x S -29 \
% xX -4 -4
X % ¥ -6 x x -6 \
Xx x x5 X - R

0 250 500 750 1000 1250 1500 1750 0 250 500 750 1000 1250 1500 1750
Number of iterations Number of iterations

Figure 17: Log 2-Wasserstein distance measured between a source and different target distributions
as a function of number of iterations. Plain lines represent the median over 10 iterations while shaded
regions indicate 0.25 and 0.75 quantiles.

8.1.2 Comparison of Transport Plans and Discrepancies

We now provide a quantitative assessment of the transport plans that can be estimated from sliced-
based methods.

Qualitative assessment of the transport plans. We illustrate some transport plans in several
two-dimensional settings. The first one corresponds to transporting samples of a source Gaussian
distribution to samples of a target Gaussian distribution with different parameters. The second one
considers two distributions sampled on circles of the same centre and different radii, with n = 24
samples. The last one considers a more challenging and non-linear setting, in which the source
distribution is composed of 8 Gaussians of several means and the target is composed of two moons.

Fig. 18 presents the plans obtained with 2-Wasserstein, Expected Sliced and min-Pivot Sliced, to-
gether with the associated discrepancy. We choose L = 50 directions, and fix n = 10 samples for
the first scenario and n = 24 otherwise. On can notice that, in the simple case of 2 Gaussians
as source and target distributions (first line), the transport cost is close to the 2-Wasserstein one.
Min-Pivot Sliced provides a plan that is close to the OT one; Expected Sliced provides a highly
non-deterministic coupling, associated each source point to numerous targets. When it comes to
non-linear settings (third and fifth lines), one can notice that the sliced estimated costs deviate from
their OT counterpart: as min PS and ES rely on plans obtained by projecting on a line then lifted to
the original space, and because none of these projections capture the true matching, the approxima-
tion is quite poor, with spurious matchings between the two parts of the moon. Dedicated variants of
Sliced Wasserstein have been proposed in this non-linear setting, for instance generalised versions in
which the data are projected onto a non linear surface, e.g. | |, and augmented ones [ ]
that first embeds the data into a higher dimensional space in which a linear surface better captures
the distances. These variants are out of the scope of this paper, but note that a non-linear variant
of min PS has been proposed in | ].

Comparing plans obtained by flows. To avoid relying on one single direction and to better

take into account the non linearities on the distributions, we propose here to build on flows, for
which different directions can be chosen at each iteration. The second, fourth and sixth lines of
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Fig. 18 present trajectories obtained when considering such flows, with an SGD optimiser and a fixed
learning rate equal to 2 (as recommended by [ ] under Equation 44, we take a learning rate
equal to the dimension). If the flow has converged after 200 steps (that is to say, when the Wasserstein
distance between two consecutive step is less than 107%), we infer a transport plan as the map linking
the source and the target sample reached by the flow. This strategy also allows considering Sliced
Wasserstein to obtain a plan, as proposed in Section 3.3 of | ]. One can notice that, as
expected, 2-Wasserstein flows plan recover the transport plan and that Sliced Wasserstein based
plan is close to the actual one. As observed in Section 8.1.1, even in the simple case of 2 Gaussians,
Expected Sliced does not converge. When considering min PS, flow-based transport allows enhancing
the approximation of the plan, avoiding spurious couplings between the two moons. One further
notices that this strategy comes with an extra computational cost as several iterations for computing
the flow are needed to obtain the approximation. We present this method to highlight the benefits
of stochastic algorithms when using sliced-based methods.
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Figure 18: Comparison of the plans obtained by sliced plans methods and 2-Wasserstein between
a source (blue samples) and a target (orange samples) distributions. First, third and fifth lines:
transport plans obtained by solving Wasserstein, min-Pivot Sliced and Expected Sliced. Second,
fourth and sixth lines: trajectories obtained by solving a gradient flow for Wasserstein, min-Pivot
Sliced, Expected Sliced and Sliced Wasserstein. In that case, the associated cost is computed by
mapping the source sample to the target sample that is reached by the flow.
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Timings We report some timings for the different methods, in order to assess their computational
efficiency. We consider the same settings as the first scenario of the previous section (two Gaussians
as a source and target distribution). For the Sliced Wasserstein flow, we perform 10 steps, with an
extra complexity linear with the number of steps. We vary the number of samples from n = 10 to
n = 107, and present the results in Fig. 19. One can notice that sliced-based method are significantly
faster to compute when n grows. Note that Wasserstein fails to be computed for n > 10° due to
memory issues, as it requires to store the full cost matrix C' € R™*" of size n?; there is no need to
store C' for sliced-based methods, that require a memory of 2n for min PS and at most of 2Ln for ES.
The time complexities of all flow variants are proportional to the number of flow steps, and we notice
that all sliced methods have comparable complexities in O(Lnd + Lnlog(n)), which is substantially
advantageous compared to the O(n®logn) complexity of standard OT.

w}

min PS
— ES
107 5 SW2 (flow)
min PS (flow)

101 4

100 4

Time (s)

1071 B

1072 4

10—3 4

10! 10? 103 104 10° 106 107
number of samples per distribution

Figure 19: Running time comparisons of different methods for varying number of samples n.

8.2 Illustration on Colour Transfer

Colour transfer consists in transferring the colour distribution of a source image onto a target image,
while preserving the structure of the source. We see an RGB image I € R¥*"*3 a5 the uniform
measure of its pixels in the RGB space pj := - 3%, Z?:l 61,,. € P(R?). Given a source image I
and a target image J of same size, our objective is to match (in a certain sense) each pixel (i, j) of
I to a pixel (i, j") of J. We consider three different approaches: first, we compute a permutation
which is (approximately) optimal for the min PS discrepancy, approximated by searching over L = 50
directions. Using this permutation, we replace each pixel of I by its corresponding pixel in J. Second,
we approximate the Expected Sliced plan by averaging over L = 50 directions. Since this does not
yield a permutation but only a transport plan 7, we use the barycentric projection (i.e. conditional
expectation) of 7, which provides only an approximate matching to p;. Finally, we compare these
methods with the Sliced Wasserstein (SW) flow proposed in [Rab-+12a], which operates 10 steps of
Stochastic Gradient Descent with a learning rate of 1 on X —— SW3(ux, ) initialised at Xg := I
and sampling a batch of 3 orthonormal directions at each step. Note that while the final iteration
is expected to verify ux = p7, it may not be the case in practice depending on the hyperparameter
choices. We report our results on three different image pairs in Figs. 20 to 22.

Pivot-Sliced W, Expected Sliced W, SW (flow),
time=3.71s time=3.68s time=4.66s

Figure 20: Colour transfer example on images of size 1000 x 669.
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Pivot-Sliced W, Expected Sliced W, SW (flow),
time=8.14s time=8.08s __time=11.14s

Figure 21: Colour transfer example on images of size 1280 x 1024.

Pivot-Sliced W, Expected Sliced W,
time=1.10s time=1.06s

SW (flow),
time=1.88s

Figure 22: Colour transfer example on images of size 500 x 500.

In Fig. 20, the source and target images are relatively monochrome, which makes the colour transfer
task easier. We observe that the Pivot-Sliced and SW methods are comparable, while the Expected
Sliced results in duller colours. Contrastingly, in Fig. 21, the colour palettes are more diverse and
Pivot-Sliced yields a visually worse result than SW, while SW matches the colour distributions less
faithfully, with some artifacts in the sky. As for Expected Sliced, the results are again duller and
quite different to the target colour distribution. Finally, in Fig. 22, only the SW method produces
visually consistent results, the matching provided by min PS and ES fail to preserve sufficient spatial
structure, in particular in the green colours. Overall, while the plan associated to min PS can suffice
in practice, it appears that iterative methods such as the SW flow are better suited for this task. Our
experiments suggest that the barycentric projection of the Expected Sliced plan does not provide a
sound transportation.

8.3 Experiments on a Shape Registration Task

We now consider a shape registration task, with a rigid transformation that involves a translation and
a rotation. Most approaches to solve this problem are concerned with finding the right correspon-
dences between the points. For instance, the Iterative Closest Point (ICP) algorithm [BM92] relies
on nearest neighbour correspondences, considering the Euclidean distance between points. Optimal
transport is now a workhorse for this task, as it provides a principled way to find correspondences
between two point clouds; see [3D23] for a review of OT-based methods for point cloud registra-
tion. We here evaluate the performance of the sliced-based methods, namely min PS and ES, in this
context. We compare them to the 2-Wasserstein distance, which is a standard benchmark for point
cloud registration, and also to Sliced Wasserstein, using a gradient flow as described in Section 8.1.1
to get an approximated transport plan. Note that Expected Sliced does not provide a one-to-one
correspondence but they can be inferred from the blurred transport plan [Sol-+15].

We consider two point clouds of 3D shapes, which are subsampled from the bunny and armadillo
shapes of the opendd library [ZPI<18]. We first subsample both shapes with n = 500 points, and
then we apply 10 different rigid transformations to the source shape to get the target shape. We
then run the ICP algorithm, with several alignment methods: the nearest neighbour correspondence,
Wasserstein, Sliced Wasserstein, min-Pivot Sliced and Expected Sliced, to realign the two shapes.
Fig. 23 presents the two shapes, subsampled with n = 2000 points for visualization purposes. The
second line presents the Wasserstein distance between the (registered) source and target point clouds
along the iterations. One can notice that Min-Pivot Sliced yields the best registration among all
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methods: this conclusion was also reached by [Mah+23] who conjecture that it allows exiting local
minima of the ICP algorithm by finding an approximated matching.

We also consider the case where the shapes are not subsampled, which is a more computationally
challenging setup, especially for the armadillo shape. One can drawn similar conclusions, with min PS
yielding the best registration, with little variation around the different repetitions of the experiment.
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Figure 23: Evolution of the loss along the iterations of the ICP algorithm. The loss is computed as
the mean square distance between each target sample and the registered source. The first column
corresponds to the results for the armadillo shape, while the second column corresponds to the bunny
shape.
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A  Appendix

A.1 Ambiguity in SWGG from | ]

Let u1 = %Zl Op;y M2 = %Zz dy;, and 0 € S%-1. Consider oy a permutation which sorts (6" z;)",
and 7y sorting (#"y;)",. The Sliced Wasserstein Generalised Geodesic distance (] |, Equation
8) is defined as

1 n
SWGG%(Ml)M?? 9) = gz H‘To‘g(l') - yTg(Z)H% (60)
i=1

We illustrate the coupling induced by SWGG3 (1, u2,6) in Fig. 24:

O U4 ‘PQ#[Jl
b 0 W ;| APo#u,
: : “~Tlg | = Yo
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X1 |
©
Py: - m
: . @ :
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Figure 24: Coupling 5 € II(p1, pt2) induced by SWGG2 (1, pi2,6) for d = 2, n = 3, § = (1,0). The
support of the measure pp is represented by blue circles, and the support of ps with red squares.
The projected measures Py#u1 and Py#us are represented by the blue diamonds and triangles
respectively. The optimal coupling between Py#p1 and Py#pus is drawn with purple curves, and
the associated coupling vy between w1 and uo is represented by the orange double lines. In this
example, the projections of the points of the support of up are distinct (as for us), thus the coupling
mp determines uniquely the coupling 7y, there is no ambiguity.

Unfortunately, the RHS quantity in Eq. (60) depends on the choice of the permutations, rendering
the quantity ill-defined, as showcased in Example 8.

Example 8 (Ambiguity in SWGG). Consider d = 2, n = 2, the points z; = (0,1), x3 =
(0,0), y1 = (0,0), y2 = (0,1), the line 6 = (1,0) and the measures p; = 5(0z, + 0z,), pi2 =
%(5111 +0dy,). We have pi1 = g, and 6T u = 0 for all points u € {z1, 2, y1,y2}, hence any choice of
permutations (og, 79) sorts the respective points (6" z;) and (67y;). Choosing (og,19) = (I,1),
we obtain

SWGGE (1, 12.6) = Llles — vl + oz — 2ll3) = 1,

which in particular in non-zero, which shows that SWGGa(-, -, ) is not a distance. Another
possible choice (09, 79) = ((2,1),(2,1)) yields a value of 0.

One could consider the following “fix” to the permutation choice issue:

GG 42,) T o 3 (1)
’ ’ = i - Log(i) — Yo (i ’
o1, p2 (09,76)€64(X.Y) N1 o(i) — Yr(i)ll2

where Gy(X,Y) is the set of pairs of permutations (og,7) that sort (§7z;)?; and (67 ;)" respec-
tively. We illustrate this idea in Fig. 25.
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Figure 25: In this example, the projections sometimes coincide, and the optimal coupling 7y between
Py#p1 and Py#ps does not determine the coupling between (x2,x3) and (y2,y3). In terms of per-
mutations, there are two possibilities: vy := %(5&71@?;1 + 02o@ys + 00y, ) displayed with orange double
lines, and 7y := %(5901@3/1 + uo0ys + Ozsy.) Tepresented by green squiggly lines. Here, the cost of 7y
is lower, so we would choose it.

A.2 Midpoints are Geodesic Middles

In the following, we remind a well-known simple result about geodesic spaces, which we apply to
show that Wasserstein means are middles of Wasserstein geodesics (see Proposition 3). We consider
a geodesic space (X, d), which is to say that d is a distance on & such that for any (z1,22) € X2 there
exists a curve 7 : [0,1] — X with v(0) = x; and (1) = x2 such that d(y(t),v(s)) = |t — s|d(x1, d2).
Such a curve is called a geodesic between x1 and xs.

Lemma 12. Let (X, d) be a geodesic space, let x1,29 € X and consider the set M(x1,x2) of
Midpoints:

M(z1,29) = argmin d(z1,y)? + d(y, 2)°. (62)
yeX

This set is in fact exactly the set of middles of geodesics:

M(z1, ) = {’y(%) | v is a geodesic between x; and xg} . (63)

Proof. Denote by M/(x1, z2) the RHS of Eq. (63), first we show M'(x1, z2) C M(z1,z2) and compute
the optimal value of Eq. (62). Let v a constant-speed geodesic between x1 and z2, we have

d(z1,7(3))* + d(v(3), 22)* = d(v(0),7(3))? + d(v(3),7(1))* = d(w1,22)?/2.

Now take any y € X, we have (by convexity of ¢t — t2, then by the triangle inequality for d)

d(z1,y)? + d(y, m2)* = 2(d(x1,y)?/2 + d(y, 22)*/2) (64)
> 2(d(x1,y)/2 + d(y, x2)/2)? (65)
> d(x1,29)%/2. (66)

This shows that any such 7(%) is solution of the optimisation problem which defines M(x1,z2), and
thus M/(z1,x2) C M(x1,22). The value of the minimisation problem from Eq. (62) is d(x1,12)%/2.

Let y* € M(x1,x2), we now show that d(x1,y*) = d(y*, z2) = d(x1,22)/2. Since y* is optimal and
that the optimal value is d(x1,22)?, the inequalities Eq. (65) and Eq. (66) are equalities for y := y*.
First, Eq. (65) yields d(z1,y*) = d(y*, x2), then Eq. (66) yields d(z1,y*) = d(z1,x2)/2.
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We now show that M(z1,z2) C M'(x1, 22): let y* € M(x1,x2), consider 1 a geodesic from z7 to y*,
and o a geodesic from y* to 2. We introduce the curve

0,1] — X
5 7(2t)  ifte|o,
b= { ya(2t—1) ift e[

Our objective is to show that « is a geodesic from x; to za (since ’y(%) = y*, this will show that
y* € M'(z1,72)). By construction v(0) = x1, (1) = xq. Let (t,s) € [0,1]? with ¢ < s, we want to
prove d(v(t),7(s)) = [s — t|d(z1, z2).

Firstly, we consider the case (¢,s) € [0, 5]%. In this case,

d(y(t),7(s)) = d(1(2t),71(2s)) = (25 = 2t)d(x1,y") = (s — t)d(z1, x2),
where we used d(x1,y"*) = d(x1,x2)/2, which we proved earlier for any optimal y*. The case (t,s) €
[2,1]% can be treated similarly.
Secondly, we assume ¢ € [0, 1] and s € [3,1]. We first prove d(y(t),7(s)) < (s — t)d(z1, z2) using the
triangle inequality and d(z;, y*) = d(z1, mg)/2 for i € {1,2}:
(¢

d(y(),7(s)) < d(y(),y") + d(y", 7(s))
= d(m(2t),m(1)) + d(72(0),72(25 — 1))
= (1 =2t)d(z1,y") + (25 — 1)d(y", x2)
= (s —t)d(x1,z2).
For the converse inequality d(y(t),v(s)) > (s — t)d(x1,x2), we apply the triangle inequality:
d(x1,x9) < d(z1,7(t) +d(y(t),7(s)) +d(v(s), z2),
which yields:
d(y(t),7(s)) = d(z1, z2) — d(71(0),71(2t)) — d(72(25 — 1), z2)
=(1—-t—(1—s))d(z1,z2) = (s — t)d(z1, z2).
The case s € [0, 3] and t € [3, 1] is done symmetrically and thus d(y(t),v(s)) = |s—t|d(z1, z2), which
shows that y* € M'(x1, z2). We conclude that M/(z1, z2) = M(z1, x2). O
A.3 Reminders on Disintegration of Measures

In Definition 10, we recall the definition of disintegration of measures with respect to a map (taken
from | ], Theorem 5.3.1). By slight abuse of notation, we will write P~1(y) := P~}({y}) for a
map P : X — Y that need not be injective and y € ).

Definition 10. Consider a Borel map P : X — ) between Polish spaces X,) and u €

P(X). There exists a P#p-almost-everywhere unique Borel family (1¥),ecy C P(X) of measures
verifying u¢(X \ P~'(y)) = 0, and verifying the following identity against test functions ¢ €

Cy (X):
x x) = x)dp (z .
[ o = [ ( [, o >> A(P#)(v) (67)
We will write Eq. (67) symbolically as:

u(de) = (P#n) (P(de)) uP)(da). (63)

For example, in the case X = R% x R% and P(y,xz) = y, the disintegration corresponds to the
disintegration with respect to the first marginal v of a coupling v € II(v,u). In this case, each
measure Y is a measure of P(R??) concentrated on the slice {y} x R, which is routinely identified as
a measure on R? in literature. This disintegration is written symbolically as v(dy, dz) = v(dy)y¥(dz).
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A.4 Proof of the Disintegration Formula for v-based Wasserstein

In this section, we provide a proof to Theorem 1, and use the notation from the statement. Let
pE F(V7 Ml?ﬂ?) (See Eq (7))7 we have

/ 21 — ol [3dp(y, w1, 22) = / (/ |1 — $2H§dpy(xlafc2)) dv(y)
R3d R4 R2d
> [ WHP# Pt (), (69)

where we wrote the disintegration p(dy, dz1, dzs) = v(dy)p¥(dz1,dzs). Note that by | ] Lemma
12.4.7, the map y — W3(P1#pY, Pa#pY) is Borel.

Now since p € I'(v, pi1, p2), we can write Py o#p =: v € II*(v, 1) and Py s#p =: y2 € II* (v, po). It
follows that for v-almost every y € R, we have for i € {1, 2} that P;#p¥ = 7¢, where we disintegrated
vi(dy, dz) = v(dy)y! (dz) (for example by | ] Lemma 5.3.2). Taking the infimum on p on both
sides yields

W (1, i) > W3 (71, 78)dv (y). (70)

inf /

Y €IT* (v,115), 1€{1,2} JRd
Fixing v; € II*(v, ;) for i € {1,2}, we now construct a 3-plan p € I'(v, u1, u2) which attains the
lower bound in Eq. (69). Consider the disintegrations v;(dy,dz) = v(dy)v/(dz) for i € {1,2}.
The two families (7)) cga are Borel in P(R?), hence by | ] Lemma 12.4.7, there exists a
Borel family (p¥),cga in P2(R??) such that for all y € R?, p¥ € II*(7¥,~3). Setting p(dy, dz1, dzs) :=
v(dy)pY(dzy, dxs) yields the desired 3-plan, since for v-almost every y € R?, p¥ is an optimal transport
plan between ~{ and v5. We have shown that

Vi €T, 1 € (1,2}, W) < [ WEE8)do(0), @)

which shows the equality in Eq. (19).

We finish by showing that the infimum in Eq. (19) is indeed attained. Note that having the weak
convergence of plans (7y,) € II(v, u1) does not yield the v-almost-everywhere convergence of the
disintegrations v¥ in general. Thankfully, we can leverage the existence of a solution of the original
formulation from Eq. (12) by Proposition 1. Using the fact that the two problems have the same
value, we can take a solution p of Eq. (12) and construct a solution of Eq. (19) by disintegration.
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