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Introduction to Optimal Transport
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Cost = 1
5 × c(x1, y1) + 1

5 × c(x1, y3) + 1
5 × c(x2, y3) + 2

5 × c(x3, y2).

Tc(µ, ν) = inf
π∈Π(µ,ν)

∫
X ×Y

c(x, y)dπ(x, y) = inf
X∼µ,Y ∼ν

E[c(X, Y )].

W2
2(µ, ν) = inf

π∈Π(µ,ν)

∫
X ×Y

∥x − y∥2
2dπ(x, y).
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Push-forward measures and OT maps

Image Measure: f#µ := LawX∼µ[f(X)]
Gaussian Image f# Gaussian Mixture 

Brenier’s Theorem

If c(x, y) = ∥x−y∥2
2, and µ ≪

L d, then there is a unique so-
lution π∗ = (I, ∇φ)#µ, with
φ convex.

OT plan
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From Euclidean Combinations to Fréchet Means

x =
K∑

k=1
λkyk

x = argmin
x∈Rd

K∑
k=1

λk∥x − yk∥2
2

Fréchet mean:

x ∈ argmin
x∈X

K∑
k=1

λkd(x, yk)2.

Generalisation: x ∈ argmin
x∈X

K∑
k=1

ck(x, yk).
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Fixed-Point Algorithm for Fréchet Means on Manifolds
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2-Wasserstein Barycentres (Agueh & Carlier 2011 [1])

argmin
µ∈P(Rd)

K∑
k=1

λkW2
2(µ, νk).
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Fixed-Point Method (Alvarez-Esteban et al. 2016 [2])

Assumptions: c(x, y) = ∥x − y∥2
2, AC measures on Rd.
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Motivation for OT barycenters with generic costs

W1(µ, ν) := inf
π∈Π(µ,ν)

∫
∥x − y∥2dπ(x, y).

Find µ ∈ P(R3) minimising ∑
k

1
3W1(Pk#µ, νk) where νk ∈ P(R2).
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Generalising Wasserstein Barycentres

Setting:
• (X , dX ) compact metric space for barycentres.
• (Yk, dYk

) compact metric spaces for measures νk.
• ck : X × Yk −→ R+ continuous cost functions.

argmin
µ∈P(X )

V (µ), V (µ) :=
K∑

k=1
Tck

(µ, νk).

Assumption: The ground barycenter function

B(y1, · · · , yK) := argmin
x∈X

K∑
k=1

ck(x, yk)

is well-defined.
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Fixed-point Algorithm

Γ(µ) :=
{

(X, Y1, · · · , YK) : (X, Yk) ∈ Π∗
ck

(µ, νk)
}

,

G :=
{

P(X ) ⇒ P(X )
µ 7→ {Law [B(Y1, · · · , YK)] : (X, Y1, · · · , YK) ∈ Γ(µ).}

µt+1 ∈ G(µt).
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Discrete G (Simplified)
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Algorithm Convergence

Decrease Property

∀µ ∈ G(µ), V (µ) ≥ V (µ) + Tδ(µ, µ).

If µ∗ is a barycentre then G(µ∗) =
{µ∗}.

Convergence

If µ is a subsequential limit of (µt) then
µ ∈ G(µ).

Iteration 2,
Support: 19
Cost:7.6777

True Barycentre
Support: 19
Cost: 7.6777
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• Talk based on ET, Julie Delon and Nathaël Gozlan (2024):
Computing Barycentres of Measures for Generic Transport Costs.
arXiv preprint 2501.04016.

• All code at https://github.com/eloitanguy/ot_bar

• Functions (soon) released on https://pythonot.github.io/

• Slides at https://eloitanguy.github.io/publications/

Thanks!
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