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Discrete Optimal Transport
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Discrete Optimal Transport
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Assignment Cost:
1 1 1 2
= % c(z1,1) + 5 % c(xy,y3) + £ X c(x2,y3) + 5 % c(x3,2).

Constraints on 7 € R¥3 . 71 = (2/5,1/5,2/5), 71 = (1/5,2/5,2/5).

Optimal Transport Cost : min E (i, y;)mi .
i,J
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Optimal Transport
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OT between discrete measures

n m
n = Zaiéxi, vV = Z bjdyj
=1 j=1

Te(p,v) = ﬂegl(f; ) Zc(xiayj)ﬂ'i,j-
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OT Cost and 2-Wasserstein Distance

7Z,=‘f/ y)dm(z,y) = inf  E[e(X,Y))].
()= _inf | Jey @@y = inf | Ele(X,V)]

W) = it [ o - yldn(ay).
mell(p,v) JXxY
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OT Cost and 2-Wasserstein Distance

7;,=‘f/ y)dr(z,y) = inf  Ele(X,Y)).
(wv)= ot [ clwpan(ey) = it EEXY)

W) = it [ o - yldn(ay).
mell(p,y) Jxxy

-

W3(N (ma1, S1),N (mg, S2))
= ||m1 — mall3

+Tr (81 + 52 — 2(81/%8,5,/%)1/?)
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Optimal Transport
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OT Cost and 2-Wasserstein Distance

7Z,=‘f/ Jy)dr(z,y) =  inf  E[e(X,Y)].
(1, v) ot XXyC(x y)dr(z,y) ot [e(X,Y)]

W) = it [ o - yldn(ay).
mell(p,y) Jxxy

OT plan

- /

W3 (N (m1, 1), N (mg, S2))
= [lm1 — ma|l3

+Tr (81 + 52 — 2(81/%8,5,/%)1/?)
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Push-forward measures and OT maps

Image Measure: f#p := Lawx,[f(X)]
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Optimal Transport
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Push-forward measures and OT maps

Image Measure: f#p := Lawx,[f(X)]
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Brenier’'s Theorem

If c(z,y) = [l —y[3, and p <
24 then there is a unique so-
lution ™ = (I, V)#pu, with
© convex.
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Push-forward measures and OT maps

Image Measure: f#p := Lawx,[f(X)]
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Brenier’'s Theorem

=

-
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If c(z,y) = [l —y[3, and p <
24 then there is a unique so-
lution ™ = (I, V)#pu, with
© convex.
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® Wasserstein Barycentres
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Wasserstein Barycentres
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From Euclidean Combinations to Fréchet Means

K
T = Z Ak Yk o
k=1
Y eXx
K (<]
T = argmin Z)\k||$—yk||% °
zeRY 4 Y2
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From Euclidean Combinations to Fréchet Means

K
T = Z Ak Yk o
k=1
Y eXx
K (<]
T = argmin Z)\k||$—yk||% °
zeRY 4 Y2

Fréchet mean:

K

T € argmin Z d(z, y)?.
reX k=1

M
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From Euclidean Combinations to Fréchet Means

K
T = Z Ak Yk o
k=1
Y eXx
K (<]
T = argmin Z)\k||$—yk||% °
zeRY 4 Y2

Fréchet mean:

K
T € argmin Z d(z, y)?.
reX k=1
M
Y2
K
Generalisation: T € argmin Z cr(T, yk)-
zeX k=1
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Wasserstein Barycentres
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Fixed-Point Algorithm for Fréchet Means on Manifolds

M
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Wasserstein Barycentres
00@00

Fixed-Point Algorithm for Fréchet Means on Manifolds
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Wasserstein Barycentres
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2-Wasserstein Barycentres (Agueh & Carlier 2011 [1])

K
argmin Z)\kwg(u,yk).
HEP(RY) g=1
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Wasserstein Barycentres
[e]elelel ]

Fixed-Point Method (Alvarez-Esteban et al. 2016 [3])

Assumptions: c(z,y) = ||z — y||3, AC measures on R?.

TNl(P(Rd)

Ts

P(RY)

1%)
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OT Barycentres
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Motivation for OT barycenters with generic costs

Wi(nv)=_inf [ o= yladn(a.y).

Find o € P(R?) minimising >, W1 (Pe#u, vi;) where vy, € P(R?).

Generalises Delon et al. 2021 [5] where ¢ (z,y) = || Pu(x) — y||3.
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OT Barycentres
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Generalising Wasserstein Barycentres

Setting:
» (X, dy) compact metric space for barycentres.
= (Vk,dy,) compact metric spaces for measures vj.

¢ X X Y —> Ry continuous cost functions.
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Generalising Wasserstein Barycentres

Setting:
» (X, dy) compact metric space for barycentres.
= (Vk,dy,) compact metric spaces for measures vj.

¢ X X Y —> Ry continuous cost functions.

K
argmin V(M)? V(N) = Z 7;1@ (M: Vk)'

HEP(X) k=1
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OT Barycentres
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Generalising Wasserstein Barycentres

Setting:
» (X, dy) compact metric space for barycentres.
= (Vk,dy,) compact metric spaces for measures vj.

¢ X X Y —> Ry continuous cost functions.

K
argmin V(M)? V(N) = Z 7;k (M: Vk)'

HEP(X) k=1

Assumption: The ground barycenter function

K
B(yh T 7yK) := argmin Z Ck(fI,', yk)
reX k=1

is well-defined.
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Fixed-Point Algorithm: Intuition

s s Y1
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OT Barycentres
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Fixed-Point Algorithm: Intuition

T, e adan!

General Idea

Let (X:, Y1, --,Yx) RVs such that Xy ~ puy, Yi ~ v, and
(X4, Yy) ~ 7 € sz(,ut,uk). Take X¢41 = B(Y1, -+ ,Yk).

If ij (e vie) = {1, Tw)#ue } then pi1 = B(T1, -, T )# .
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OT Barycentres
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Fixed-point Algorithm: (more) formal definition

s (> Hiv1

e

() i= {7 € P(X x V1 x Vi) + ¥ € [1, K], qox € T, (1 20) }

_ ) Plx) = P@)
G:= { L N B#F(,u) y o M1 € G(,ut)

B#F(/.L) = {B#’}/, v e F(M)}) 3#7 = LaW(X,Yl,m,YK)NWB(YVla o )YK)'
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OT Barycentres
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Relation to Alvarez-Esteban et al. 2016 [3]

Dream case: X = ) = --- = Vi and maps exist.

T, PX)
T3
S = B(Ty, Ty, T3) Reality:
T] | ]
TN
| ! v Yok € 17, (s Vi),
‘ per1 = B#y.
PRX)
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Algorithm Convergence

Ground Barycentre Lemma

Zk Ck(xayk) > Zk Ck(B(yh to 7yK)ayk) + 5($7B(y17 to 7yK))' r

Case [l — yl[3: simply Yop Axlle — ykll3 = Xk 17 — yallz + e — z)3-
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OT Barycentres
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Algorithm Convergence

Ground Barycentre Lemma

Zk Ck(xayk) > Zk Ck(B(yh' o ayK)ayk) + 5($7B(y17' ce >yK))' r

Case ||z — y|[3: simply Sop Melle — yell3 = S 17 — well3 + 1= — Z3.
Decrease Property

Vi€ G(u), V() > V(E) + Ts(p, 1)
If ©* is a barycentre then G(u*) = {u*}.
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OT Barycentres
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Algorithm Convergence

Ground Barycentre Lemma

Zk Ck(xayk) > Zk Ck(B(yh' o ayK)ayk) + 5($7B(y17' ce >yK))' r

Case [l — yl[3: simply Yop Axlle — ykll3 = Xk 17 — yallz + e — z)3-

Decrease Property

Vi€ G(u), V() > V(E) + Ts(p, 1)
If ©* is a barycentre then G(u*) = {u*}.

|

Using arcane magic about the regularity of the multimap G:

Convergence

If 1 is a subsequential limit of () then u € G(u).
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OT Barycentres
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Entropic Barycentres

Entropic plan €=0.03

Tee(p,v) := inf / cdr+e¢ KL V).
() [ cdm+eKL(rluo) -

mell(p,v)
K o
Ve(p) =Y Teelp, i)

k=1
GE(,“') = B#’Y: with Y0,k = sz,a(u7yk)'
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Entropic Barycentres

Entropic plan €=0.03

Tee(p,v) := inf / cdr+e¢ KL V).
() [ cdm+eKL(rluo) -

mell(p,v)
K __/
Va(p) =) Tee(ps vr)-

k=1
Ge(p) == B#y, with yop =TI, (1, ).

Decrease Property

V(1) 2 Va(Go()) + T5(1 Ge(1). If * barycentre, G (u*) = u. r

Convergence

If 1 is a subsequential limit of (u;) then = G(u). r
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Barycentric Projections

Replace a coupling m with a map 7.

, Julie Delon, Nathaél Gozlan MAPS5, Université Pa
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OT Barycentres
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Barycentric Projections

Replace a coupling m with a map 7.

Eloi Tanguy, Julie Delon, Nathaél Gozlan

7(@) = [ ydm.(y)

7(7) = E(x y)ur Y |X = 2].

= argmin [ |1£(x)-uBir(r.u).
JFeL?(u

MAPS5, Université Pari
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OT Barycentres
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Barycentric Projections

Replace a coupling m with a map 7.

v 7(@) = [ ydm.(y)

7(7) = E(x y)ur Y |X = 2].

. = argmin [ |7(2)~yfdn(r.0).
© feL?(p

H(p) = {B(Tla c TR, T € 117, (1, Vk)} . A No guarantees.
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Discrete Case and Numerics
©0000

® Discrete Case and Numerics
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Discrete Case and Numerics
0®000

Discrete G

B(y12, ¥23)

Nk ke B x o  (H]

=311 i,

Yicm L 2 @ 3 @mY23

G vim o ¢ B2

I — Nk
A Vi = Y5 bg j0y,
Yy1.08 (0) ® B Yoy J J Y Yk,j
@ ©) ) ©)
X1 X2 X1 X2
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Discrete Case and Numerics
0®000

Discrete G

B(y12, ¥23)

Nk ke B x o  (H]

=311 i,

Yicm L 2 @ 3 @mY23

G vim o ¢ B2

I — Nk
A Vi = Y5 bg j0y,
Yy1.08 (0) ® B Yoy J J Y Yk,j
@ ©) ) ©)
X1 X2 X1 X2

n 1 e
G =1 2 (X i xmlG) | S (Bl i)
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Discrete Case and Numerics
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Discrete H (Generalises Cuturi & Doucet 2014 [4])

Us! Uy
Yim é : ® m Y23
L2 o
Yipm | @ * v
[
yul | & ® 0 Y21
(@} (@) (@} (@)
X1 X2 X1 X2

H(p) = {Z aid (B (71(xi), -, Tk (xi))), 7 € 17, (1, Vk)} ;

ni
molzi) = (1/a) Y 7y, .
j=1
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Discrete Case and Numerics
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[llustration for

Barycentre for the cost |x — y|3/3

Iteration O
V evolution by iteration
700
600
> 500
400
300
0 1 2
Iteration
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Discrete Case and Numerics
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Non-linear Generalised Wasserstein Barycentre

argmin,, S 1 W3(Py#u, vi,) where Py is the projection onto circle k.

First 5 Steps Fixed-point GWB solver

\ \ \

:",‘o‘o. j’ .ﬁ.:\ 'ﬁﬂ:s\ r’?:'\
.‘.. Y O %6 o p ® * t ':o. o® "
N \‘ b"/ N 7/ N 'r/ N f/

Step 1 Step 2 Step 3 Step 4 Step 5

V evolution by iteration

0 2 4 6 8 10 12 14
Iteration

Eloi Tanguy, Julie Delon, Nathaél Gozlan MAPS5, Université Pari

Computing Optimal Transport Barycentres



Application to GMMs
©0000000

© Application to GMMs

MAP5

Computing Optimal Transport Barycentres



Application to GMMs
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OT between GMMs

W3 (m1, $1), N (ms, 82)) = [[ma—msa3+Tr (81 + S5 — 2(81/258%)1/2) .

2,4, (51,52):=

Eloi Tanguy, Julie Delon, Nathaél Gozlan MAPS5, Université Paris-
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Application to GMMs
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OT between GMMs

W3 (m1, $1), N (ms, 82)) = [[ma—msa3+Tr (81 + S5 — 2(81/258%)1/2) .

2, (S1,55):=
Ground space: (X,d) = (W, dy,) = (N, W3) with ground cost ¢ = W3.
=2 G0N m,S)r V= D biON . s1) € PIV);

i—1 j=1

Twy(uv) = min (Il = mjlI3 + disw (S, 7)) -

’
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Application to GMMs
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Ground Barycentre Between Gaussians

Gaussian barycentres (Agueh & Carlier 2011 [1]).

B(./\/(ml,Sl), oo ,N(mK,SK)) ZN(W,F),

K K

m = Z Apmy, S = argmin Z Nedivw (S, Sk).
k=1 SeSTH(R) k=1

Fixed-point computation for S:

K 2
GN(S) — S—1/2 (Z Ak(sl/28k51/2>1/2> S_1/2.
k=1

Riemannian gradient descent interpretation by Altschuler et al. 2021 [2].
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Application to GMMs
000®0000

GMM Barycentre

n
1= aibN(mi,s0)s
=1
ng

Vk = Z bkéN(mk,j,Sk,j)v
j=1

K
V(i) = > ATy (s vi)-

k=1
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Application to GMMs
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= Talk based on ET, Julie Delon and Nathaél Gozlan (2024):
Computing Barycentres of Measures for Generic Transport Costs.
arXiv preprint 2501.04016.

s All code at https://github.com/eloitanguy/ot_bar
= Functions (soon) released on https://pythonot.github.io/
» Slides at https://eloitanguy.github.io/publications/

Tt
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