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Push-Forward Measures

f#µ := Law
X∼µ

[f(X)].

Gaussian Image f# Gaussian Mixture 
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The Monge Problem

inf
T : T#µ=ν

∫
c(x, T (x))dµ(x).

Brenier’s Theorem

If c(x, y) = ‖x − y‖22,
and µ � L d, then
there is a unique solu-
tion, and T = ∇ϕ with
ϕ convex.

OT plan

Kantorovich relaxation: Tc(µ, ν) := min
π∈Π(µ,ν)

∫
c(x, y)dπ(x, y).
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Problem statement

P : argmin
g∈G

Tc(g#µ, ν)

0 2 4 6 8

g1# L = 2
g2# L = 8

OT Plan

g1 L = 2
g2 L = 8
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Smooth Strongly Convex Nearest Brenier Potentials (Paty 2020 [2])

Case G = G`,L := {∇ϕ : `I � D2ϕ � LI} and c(x, y) = ‖x− y‖22.

µ :=
n∑
i=1

aiδxi , ν :=
m∑
j=1

bjδyj .

Interpolation (Taylor 2017 [3])

∃g = ∇ϕ ∈ G`,L :

∀i, g(xi) = gi, ϕ(xi) = ϕi

iif ∀i, j, Q`,L(xi, xj , ϕi, ϕj , gi, gj) ≥ 0.

argmin
g∈G`,L

W2
2(g#µ, ν) ←→ argmin

π∈Rn×m, ϕ∈Rn, g∈Rn×d

π≥0, π1=a, πT 1=b
Q`,L(xi,xj ,ϕi,ϕj ,gi,gj)≥0

∑
i,j

‖gi − yj‖22πi,j .
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Sufficient Conditions for Existence

P : argmin
g∈G

Tc(g#µ, ν)

Existence if:

• Finite problem value,
• c : Rd × Rd −→ R+ lower semi-continuous,
• c(y1, y2) ≥ α+η(‖y1−y2‖) with η non-decreasing and coercive.
• G is a subclass of L-Lipschitz functions stable by local uniform

limit.

Example classes: Neural Networks, G`,L.

Counter-example:
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SGD for Neural Networks

Objective: minθ Tc(gθ#µ, ν).

Minibatch version:

min
θ
E(θ) :=

∫
Tc(δgθ(X(n)), δY (m))dµ⊗n(X(n))dν⊗m(Y (m)).

θt+1 = θt − αt

[
∂

∂θ
Tc(δgθ(X(n)), δY (m))

]
θ=θt

, X(n) ∼ µ⊗n, Y (n) ∼ ν⊗m.

SGD Convergence, using Bolte-Le-Pauwels [1]

For c and g semi-algebraic and µ, ν discrete or AC with semi-algebraic
density, almost-surely accumulation points of (θt) are Clarke critical
points of E.
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Illustration: Neural Network Vector Fields

NN image

Target
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Illustration: Gradients of Strongly Convex Functions

SSNB image

Target
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Plan Variant 1/2

Pplan : argmin
g∈G

TC((I, g)#µ, γ)

Entropic OT = 0.03

g1 L = 0.5
g2 L = 1.5

GMM OT

g1 L = 0.5
g2 L = 1.5

* GMM
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Plan Variant 2/2

Pplan : argmin
g∈G

TC((I, g)#µ, γ)

Problem Equivalence

TC((I, g)#µ, γ) = Tc2(g#µ, ν)

for C((x1, x2), (y1, y2)) = h(c1(x1, y1), c2(x2, y2)) if:
• c1(x, x) = 0,
• h(u, v) ≥ v,
• h(0, v) = v.

Ex: C(·, ·) = ‖ · − · ‖qpp , p ∈ [1,+∞], q ≥ 1.
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Barycentric Projections

π(x) =
∫
ydπx(y).

π(x) = E(X,Y )∼π[Y |X = x].

π = argmin
f∈L2(µ)

∫
‖f(x)−y‖22dπ(x, y).
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Alternate Formulation for the L2 cost on Rd

P : min
g∈G

min
π∈Π(µ,ν)

∫
‖g(x)− y‖22dπ(x, y)

With π fixed:∫
‖g(x)− y‖22dπ(x, y) =

∫
‖g(x)− π(x)‖22dµ(x) +K(π).

Question: for π ∈ Π∗(µ, ν), do we have

argmin
g∈G

∫
‖g(x)−π∗(x)‖22dµ(x) ?= argmin

g∈G
min

π∈Π(µ,ν)

∫
‖g(x)−y‖22dπ(x, y).
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Positive Answer in 1D

argmin
g∈G

∫
‖g(x)−π∗(x)‖22dµ(x) ?= argmin

g∈G
min

π∈Π(µ,ν)

∫
‖g(x)−y‖22dπ(x, y).

Equivalence to L2 projection in 1D for the L2 cost

If all g : R −→ R are non-decreasing and π∗ ∈ Π∗(µ, ν), then

P : argmin
g∈G

W2
2(g#µ, ν) = argmin

g∈G
‖g − π∗‖2L2(µ).

Counter-examples exist in higher dimensions. Generalises Paty 2020 [2].
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Thanks
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