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Push-Forward Measures

fH#p = Law[f(X)].
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Push-Forward Measures

f#n = Law[f(X)].
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The Monge Problem

int / o(z, T())du(x).

T: TH#u=v
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The Monge Problem

int / o(z, T())du(x).

T: TH#u=v

Brenier’s Theorem

If c(z,y) = ||z - yli3,
and u < Z9, then
there is a unique solu-
tion, and T' = V¢ with
( convex.
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The Monge Problem

OT plan

int / o(z, T())du(x).

T: TH#u=v

Brenier’s Theorem
J_,/

If c(z,y) = ||z - yli3,
and u < Z9, then
there is a unique solu-
tion, and T' = V¢ with
( convex.

Kantorovich relaxation: 7.(u,v) :== min /c(x,y)dw(x,y).
well(p,v)
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Problem statement

P : argmin To(g#u, v)
geG

OT Plan
’Q g1 L=2
g, L=8
H
v
gi#u L=2
go#u L=8
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Smooth Strongly Convex Nearest Brenier Potentials (Paty 2020 [2])

Case G =Gy :={Vy: I 2 D?*¢ < LI} and c(z,y) = ||z — yl3.
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Smooth Strongly Convex Nearest Brenier Potentials (Paty 2020 [2])

Case G =Gy :={Vy: I 2 D?*¢ < LI} and c(z,y) = ||z — yl3.

n

= Zaiémi, RES ijéyj.
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Smooth Strongly Convex Nearest Brenier Potentials (Paty 2020 [2])

Case G =Gy :={Vy: I 2 D?*¢ < LI} and c(z,y) = ||z — yl3.

= Zaiémi, RES ijéy]..
J

i=1 =1

Interpolation (Taylor 2017 [3])

JdJg=Vype G&L : P
Vi, g(wi) = gi, p(Ti) = @i
if Vi, j, Qo.0(%i, T, i, 0, 9is gj) 2 0. <= Vo
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Smooth Strongly Convex Nearest Brenier Potentials (Paty 2020 [2])

Case G =Gy :={Vy: I 2 D?*¢ < LI} and c(z,y) = ||z — yl3.

= Zaiémi, RES ijéy]..

i=1 j=1

Interpolation (Taylor 2017 [3])

HQZVQDGG&L:

¢
Vi, g(zi) = gi, p(:) = @i
if Vi, §, Qo.0(%s, %5, 0i, 0, 9y 9j) = 0. g=Vp
argmin W3 (g#p,v) «— argmin Z llgi = yjl3mi -

9€Ge,L TER?X™M  HER™, gcR? ¥4 i
>0, 7l=a, 77 1=b
Qe,1(%i,T5,0i,0,9:,95) >0
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Sufficient Conditions for Existence

P argmin To(g#u, v)
geG

Finite problem value,

» c:RIXRE — R, lower semi-continuous,

c(y1,y2) > a+n(|ly1 —yz2]|) with 7 non-decreasing and coercive.

G is a subclass of L-Lipschitz functions stable by local uniform
limit.

\. J

Example classes: Neural Networks, Gy 1.
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Sufficient Conditions for Existence

P argmin To(g#u, v)
geG

Finite problem value,

» c:RIXRE — R, lower semi-continuous,

c(y1,y2) > a+n(|ly1 —yz2]|) with 7 non-decreasing and coercive.

G is a subclass of L-Lipschitz functions stable by local uniform
limit.

\. J

Example classes: Neural Networks, G/ 1. Counter-example:
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SGD for Neural Networks

Objective: ming 7.(go#u, V).

Minibatch version:

min B(6) := / To(G, s Oy )AHE (X )@ (7 ().

0
Or11 =0 — oy [aeﬁ(égg(x(n»,éwm))] LX) @y () em
=0
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SGD for Neural Networks

Objective: ming 7.(go#u, V).
Minibatch version:

4o (x5 Oy )& (X M) dp = (Y (),

min B(6) := /Tc(a

SGD Convergence, using Bolte-Le-Pauwels [1]

For ¢ and g semi-algebraic and p, v discrete or AC with semi-algebraic
density, almost-surely accumulation points of (6;) are Clarke critical
points of E.
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[llustration: Neural Network Vector Fields
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[llustration: Gradients of Strongly Convex Functions
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Plan Variant 1/2

Pplan : argmin TC((Ia g)#:uv /7)

geqG
Entropic OT £ =0.03 GMM OT
91 L=05 g1 L=0.5
g2 L=15 g2 L=15
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Plan Variant 2/2

Pplan : argmin TC((I, g)#,u7 ’7)
geG

Problem Equivalence
|

To((L, 9)#u,7) = Tey (9# 1, V)

for C((z1,22), (Y1, 92)) = hlc1(z1,41), ca(z2,92)) if:
» ci(x,z) =0,

= h(u,v) 2 v,
= h(0,v) = 0.
Ex: C(a) = || tT |gp7 pe [1?+OO]7 q=>1
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Barycentric Projections
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Barycentric Projections

v 7(@) = [ ydma(y).
ﬁ(ﬂ?) = E(ny)NW[Y|X = [L‘]

} 7 = argmin [ | (2)~yl3d(r,y).
© fEL?(p)
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Alternate Formulation for the L? cost on R¢

P / 2dn(z,
min min lg(z) — ylladm(z,y)

With 7 fixed:

[ 9@ = ylBan(e.y) = [ lg(a) - 7@)3dn() + K@)
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Alternate Formulation for the L? cost on R¢

P / 2dn(z,
min min lg(z) — ylladm(z,y)

With 7 fixed:
[ 9@ = ylBan(e.y) = [ lg(a) - 7@)3dn() + K@)

Question: for m € II*(u, v), do we have

.
argmin [ ls@-F@I3d(z) £ argmin_min [ llo(a)-yldn(a.y).
ge eG WGH N»
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Positive Answer in 1D

. ?
argmin [ |g(a) (@) 3dn(x) £ axgmin_min [ flg(r)-l3d(z.y).
geG geG  mE(u,v

Equivalence to L? projection in 1D for the L? cost

If all g : R — R are non-decreasing and 7* € IT*(u, v), then

P : argmin W3(g#u,v) = argmin [lg — FH%’A’(u)
gelG 9eG

Counter-examples exist in higher dimensions. Generalises Paty 2020 [2].

Eloi Tanguy, Agnés Desolneux and Julie Delon MAPS5, Université Pari

Constrained Optimal Transport Maps 1



Eloi Tanguy, Agnés Desolneux and Julie Delon MAPS5, Université Paris-Cité

Constrained Optimal Transport Maps 16 / 16



Zoom on the L* Case on R“
00000e

[1] Jéréme Bolte, Tam Le, and Edouard Pauwels.
Subgradient sampling for nonsmooth nonconvex minimization.
SIAM Journal on Optimization, 33(4):2542-2569, 2023.

[2] Francois-Pierre Paty, Alexandre d'Aspremont, and Marco Cuturi.
Regularity as regularization: Smooth and strongly convex brenier
potentials in optimal transport.

In International Conference on Artificial Intelligence and Statistics,
pages 1222-1232. PMLR, 2020.

[3] Adrien B Taylor.
Convex interpolation and performance estimation of first-order
methods for convex optimization.

PhD thesis, Catholic University of Louvain, Louvain-la-Neuve,
Belgium, 2017.

Eloi Tanguy, Agnés Desolneux and Julie Delon MAPS5, Université Paris-Cité

Constrained Optimal Transport Maps



	Transporting Measures
	Constrained Approximate Transport Maps
	Zoom on the L2 Case on Rd

